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PREFACE 

This volume is a sequel to tlie author’s Vodmi Geometry which 
deals with the properties of triangles, pencils and circles It is an 
abbreviated foim of A Course of Plane Geometry for Aibsinced Student-*, 
Part IT , published in 1910 \atnralh the passage of time has 
suggested re arrangements, and the hdpful criticisms of friends hate 
made it more concise It is hop< d iNo that the collection of ndcis 
has huiehtcd h\ the omissions and additions which ha\ e been made 
These still remain much tnon nunii ions than ant single student will 
lequnt If howeiu the hook is 1 rung used with a cl iss, the signi 
ficance of n pmtitulai theorem oi group of theorems can fiequentlv 
he emphasised In taking a e< queiice < .f dependent nders rapidlv on 
thr hlackboaid asking foi suggestions md so woikmgthrough orally 
half a dozen oi moie smijile ippln ntion« m i f< w minutes This is a 
useful variation to the slow piogiess made in individual work, 
although it is not i suhstituti fni it but the method can onl> he 
used if there is an a m j>lt supple of exunples avail ible 

1 he subject matter has been in mged so is to enable the reader 
to understand the pnnuplts of giiuid projection with real and 
imaginary elements at as cadv a stage as jiossible not onlv because 
it furnishes him with a jowciful weapon of attack, but much moie 
because the educational value of highetgeometrv lies m that noveltv 
of idea and generahtv of coimjdion which chaiaeterise this aspect 
of the subject, and which arc indeed the source of the attraction it 
has for manv students The 1 vanetv of apjiheation and illustration 
ceitainlv makes it an entertaining subject to teach, and should save 
it from being dull to learn 
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A companion volume containing answers and solutions has been 
prepared. Although not a complete key, it is believed that the 
hints are sufficiently numerous to meet all ordinary requirements : 
complete solutions are given in the case of the more difficult riders. 

A supplementary volume,' entitled A Concise Geometrical Conics, 
will be published shortly. It contains a brief account of those 
properties of the conic which are best treated without the use of 
projective methods. 

The author welcomes this opportunity of acknowledging gratefully 
the assistance he has received at various times from Mr. R. M. 
Wright and Mr. R. V. H. Roseveare. 

C. V. D. 

Winchester, 1926. 
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PROJECTIVE GEOMETRY 

CHAPTER I 

ANALYTICAL IDEAS IN PLANE GEOMETRY 

The application of algebraic method* to geometrical icsearch by 
Dexcaites (1596 1650) opened up a new line of advance. and thereby 
gave a wonderful impetus to the mathematicians of his age. It 
laid bare certain general principles which coirelate a large number 
of apparently dissimilar theoiems, and so consolidated in method 
and enunciation the isolated achievements of independent thinkers 
Moitover, it supplied a fruitful basis foi fuitlier discoveries, by 
expressing m a eoneiete analvtical form the' fundamental laws 
governing the structure of line* and cuives 

In order to enunciate analytical theon ms with the utmost gener 
alitv of which they are capable, it is necessary t-o enlarge the con 
ception.s in which they are to (mil expression The notion of number, 
starting fiom tile instinctive idt a of positive integers, has been 
gradually extended so as to embiaee suc-eessively fractional, negative, 
nrational and hnallv complex numbeis, requited lespectively for 
the solution of the equations 

ar h, ax + b — 0, ar 2 — b; (ar + b) 2 l-e = 0 , 
where a, h, c repiesent any positive integers whatever 

With this notion of numbet, it is possible, but not otherwise, to 
formulate the geneial tlieoiem that every equation of degiee n has 
n roots This instance serves to illustrate’ the principle that valuablo 
d p q x 
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generalisations are frequently rendered possible by the removal of 
certain (possibly unconscious) limitations which had been previously 
imposed. Thus, if complex numbers are regarded as inadmissible, 
it becomes untrue to say that every equation has a root Now it 
may be urged that it is easy to form a clear oonoeption of numbers 
such as 2, - 3, Jj, v '5, but that a number such as J - 3 is umntel 
hgible The reason why it is usual to call numbers of the first kind 
real and those of the second kmd imaginary or impossible , is due to 
the fact that methods of representing graphically numbers of the 
first type are familiar, but there is less readiness to associate complex 
numbers with geometrical concepts Anyone who has drawn a 
right angled triangle with sides 1 inch, 2 inches, and understands 
Pythagoras’ theorem, feels he has a clear idea of what J 5 represents 
But the Argand diagram and the graphical methods of representing 
the laws of combination of complex numbeis remain outside the 
elementary syllabus Such geometrical assistance is of course 
immaterial , the existence of a number does not depend on the pos 
sibihty of representing it geometrically, anv more than the validity 
of the proof of a theorem in geometry depends on drawing an 
accurate or indeed anv figure A figure merely makes it easier to 
follow the argument . it is a luxury, not a necessity 
Now complex numbers obey the same fundamental Jaws of 
Algebra as real numbers, and may therefoie enter with equal fieeclom 
into analytical processes If the result of any sequence of such 
processes is capable of expression in geometrical language, then its 
enunciation in geometrical terms is -valid, even if anv part of the 
process cannot be represented graphically For since the piocess is 
valid analytically, its conclusions must be true 

It is, however of value to widen the basis of geometrical leasomng 
by borrowing from analysis notions whu b are incapable of graphical 
depiction This procedure is usually leferred to as the Principle of 
Continuity. The germ of this principle dates back to the time of 
Kepler (1571 1630), who recognised without the aid of analysis that 
the different species of conics were not isolated curves having each 
a geometry peculiar to itself but formed a continuous chain, the 
ellipse passing into the parabola and the parabola into the hyperbola 
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The first complete exposition was given by Boscovieh (1711-1787) m 
what was intended to form an elementary school text book on Conic 
sections But it was Poncelet’s (1788 18157) introduction of the 
circular points at infinity ” which revealed in all its stimulating 
generality the wide range of application of this principle . we (jfiall 
examine first of all its analytical aspect 
The straight line x cos a + y sin u = p cuts the circle r 2 + y* = qa a t 
the points [p cos a _bsin av 1 ! 1 p 2 , psinaTcoaav^ ! p 3 ) These 
coordinates are real ifp<a, are coincident if p — a, and are complex if 
p > a By making use of the enlarged conception of number , it is 
possible to enunciate the general theorem that ever} straight ime 
meets eyery circle at two points This attaches a new Sigm 
hcance to the teim point ’ by removing a limitation, previously 
imposed, that points must be real, i i have real coordinates Anv 
pair of real numbers, e <j r 2 V, i/= - 1-, can be icpresented graphi- 
cally by the position of a point referred to real cooulmate axes, a nd 
so can be associated and identified geometrically with a point If 
either or both the numbers of a given pair aie complex for the M ke 
of continuitv of expression the pair is still identified with a Point 
called an imaginary jtontl and necessarily incapable of direct giaphical 
repiesentation The usage of the term is inertly conventional’, a nd 
its importance is simply due to the fact that it corresponds to a 
definite analytical feature In the same wry the cncle x 2 + y 2 — ^ 2 , 
which is the locus of all points at distance n from the oiygm, 
does not merely include such points as appear in the figure, but all 
poults which correspond to a pan of numbers, real or complex, 
satisfying that equation 

Again, the aggregate of pairs of yalues of r ij which satisfy- the 
equation o-r + by + c — 0 yvliere a b, , are any constant numbers, 
constitutes the straight line associated yvith that equation A 
straight line may theiefore contain only one point or no points at 
all, capable of ordinary graphic al repiesentation e g the [me 
x - 2 + \/ - l(g - 3) ~0 contains only one real point (2,3) and the 
line x + V-J - 1 contains no real finite point, 

By extending f he meaning of geometrical terms, it is thus possible 
to enunciate theorems with greater generality But in additipn to 
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this, it may enlarge the range of application of a proof, which 
apparently applies only to a special case For example, if two 
circles intersect at real points it is easy to show that the locus of a 
point whose powers w r t the two circles are equal is a straight line, 
viz the common chord This is expressible in analytical terms, and 
since the analytical method of proof takes no account of whether 
the points of intersection arc real or imaginary, it follows that the 
theorem must be true in general In other words, the proof of the 
general case is implicitly contained in that of the special limited 
case Free use of imaginary points and lines may therefore be 
made m order to generalise the range of application of geometrical 
theorems : and this is referred to under the name of the Principle 
of Continuity. The application of the idea of a limit m geometry is 
another feature of this principle bearing indeed more directly on 
Kepler's line of thought, but it would be out of place to develop it 
here 

For the sake of brevity we shall in futuie employ the following 
abbreviations 

(i) + J - 1 or ^1, J j will be denoted b\ > , 

t 

tl stands ior with respect to ” , 

(in) the word line ’ will be used for straight line 

Definitions. 

(1) Anv pair of numbers, real or complex, is said to be represented 
by and identified with a Point in a given plane, referred to given 
axes 

(2) Any aggregate of pairs of numbeis, real or complex, which 
satisfy the equation a.r + f>i/+c=0 where a 6, c are any constant 
numbers, real or complex, is said to constitute a Straight Line in a 
given plane 

If any or all the constants a, b, c are complex, and if the relation 
is altered by writing everywhere - 1 for i, the straight line is said to 
be imaginary otherwise it is real Eg. v+2n/ = 3 is imaginary, 

but (2 + 3i)z + (10 + 15i)y=20 + 30i is real 

(3) If P is an imaginary point and if a point P is obtained by 
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writing - 1 for i in the coordinates of P, then P and P' are called 
conjugate imaginary points , e g. 

(*i + ix z , y x + iy z ) and (x x - ix 2 , y x - iy 2 ), 
where r v x 2 , y x , y 2 are real 

(4) If l is an imagmary line, and if a hne V is obtained bv w ritmg 
-i for i in the equation of l, then l and l' aie called conjugate 
imaginary lines, eg 

(a + ia')x + (b f ib )y + c + ic' = 0, (a- ia')x + (b - ib')y +c-ic' = 0, 

where a, b, c, o', b', c‘ are real 

(5) ,4 curve it-hosc equation is of Ih.c second degree is called a Conic 
Its most general equation is therefore 

or; 2 + 2hxy + by 2 + 2gx + 2 fy + c =0. 

Note, (i) From the donation of a straight line, it follows that 
any two straight lines, apr + b 1 y + e l =0, ap: + b 2 y + c 2 =0, meet at 
one and only one point, except whin =° 2 , this exception (the 
ease of parallelism) will be ehseussed later 
(n) Cuives of the second (and higher) degiee will be ealled real if 
all the coefficients in their equations art nal Jn general we shall 
deal only with curies which are real in this sense This limitation 
does not, of couise. secure the existence of real points on the curve , 
eg x 2 + y 1 + 1 =0 contains no real point 

The examples m the following Exercise wlucli are printed in 
heaey tip° should lie regardc*d aa standaid theorems ; many of 
them aie best proved by analytical methods 


EXERCISE I. a. 




Prove that two conjugate imaginary lines meet at a real point. 
Prove that the join of two conjugate imagmary points is a real line. 


3. Prove that in general every imagmary hne contains one and only 
one real point What is the limitation ? 

vtT. Prove that one and only one real line can be drawn through a given 
imaginary point 

6n k Prt>ve tha. there are an unlimited number of imaginary points on 
every given real hne and that they occur in conjugate pairs. 


6 Prove that there are an unlimited number of imaginary lines passing 
through every given real point and that they occur m conjugate pairs. 
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7. If two lines ?!, I, meet at a point P and if the conjugate imaginary 
line* li' t l,' meet at P', prove that P and P' are conjugate imaginary point*. 

8. Prove that any real line meet* any real oonic in two pointa which 
are ml, coincident or conjugate imaginariee. 

9. Prove that two conic* intersect at four pointa whioh are either all 
real or two real and two oonjugate imaginariei or two pairs of conjugate 
imaginaries. 

10. Find the equation of the real line passing through (i) 3, 4 + *; 
(u) 2 + 3i, 3-2i. 

11. Find the real point on (2+3i):r + (3 -2i)y=8 -i. 

12. If the vertices of a quadrangle are two pairs of conjugate imaginary 
pointa, prove that the diagonal point triangle is real. [Use Ex. 1-7. j 

18. Enunciate and prove the dual of Ex. 12. 

14. If two of the vertices of a quadrangle are real points, and if the 
other two are conjugate imaginaries, prove that one vertex and the 
opposite side only of the diagonal point triangle are real. What is 
the dual theorem 1 

15. A quadrilateral is formed by drawing the tangent* from two con- 
jugate imaginary pointa to a given real conic, and the diagonals are drawn : 
determine whioh point* and hues in the figure are real and which are 
ooxungate imaginaries. 

18. What do the following equations represent ? 

(i) x* + y 1 =0. [n| x l +y l - <m - Sy + 21 =0. 

(iii) I s + y % - fix - 8y + 25 = 0. (iv) x 1 + y ! - 6x - Sy + 29 = 0. 

17. Prove that in general an imaginary conic rontains either 0 or 2 
or 4 real points, but not more than four real points. Discuss the case 
illustrated by 2 x i + x>j(i -2) -iy* - x + y = 0. 

18. If a eonie, whoso equation is real passes through one real point, 
prove that it passes through an unlimited number of real points. 


Angle between two Lines. In the case of real lines we know thal 
T+jnw re P re8en ^ th© tangent of the angle which y — m^ + <q ntakei 
with y=nux + c. If m is given and if the value of this expression ii 
given, there is in general one and only one value of m l . 


Thus, if — — — k, we have 

1 + in t m 

m I -m = k(l +m 1 m) or m,(l - km) - (m + k) = 0 . 

His gives a unique value for rn,, unless 1 - km = 0 and m + k^0, i 
which case l+m 2 =0 or m 2 = - 1 or m = ±t. If. however, m ■= ± 
we have k — Ft. and any value whatever of m, satisfies the relatioi 
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Definition. If either or both the lines y = rax + c, y^=m i x + c l are 
imaginary, the expression . m ‘ — — is defined to be the tangent of the 

* 1 "f WtjWl 

arable which y—m l x + c 1 makes with y=mx + c, provided that neither 
m 2 nor m, 8 is equal to — 1. 

Starting from this definition, there is no difficulty in building up 
the trigonometrical formulae for imaginary angles or angles between 
imaginary lines, provided that no attempt is made to associate the 
lines y= _fc ix with the idea of direction On account of this property , 
Laguerre has called the lines y — ±ie + c isotropic. 

Cross ratio of four Lines. If four real concuirent lines, referred 
to their common \ ertex as origin, are represented by y = Wjr, y — 
y = m 3 r, »/ = m, 4 j', it is easj to pro\e that their ctobs ratio is equal to 
(m 2 - m 1 )(m t - mf 
(m 4 - m l ){m 2 - m ,) ’ 


if this expieesion equals -1, the four lines 


foim a harmonic pencil and the line pair y = m 1 x, y — m 3 x is harmoni- 
cally conjugate to the line pair y — m 2 x. y — m 4 c 

if anj or all of these lines aro imaginary, we define tbeir cross 

ratio as m i^" , i_" 1 i ) an d define a pencil as harmonic if its 

cross ratio equals - 1 


Laguerre s Theorem. If " i? the angle beluecn the lines y — mx, 
y — mx, then the cross ratio of the penal y = m r, »/ = ix, y = m x, y = - ix 
equals cos 2n H sin 2a 
Let m — tan 8, m' = tan 8\ so that a = 0 - 8 


The cross iatio = 


(i - m)( - i - m ) 
( - in') 


( 1 + im)( 1 - im') 
(1 - un)( 1 + ini' ) 


(cos 8 + i sin 6?)(cos 8' - t sm 8 ) _cos (6 - 8') + 1 sin ( 8 - O' ) 
(cos 8 — i sin d)(eoaiT V- i sinfi ) cos (8 - 8') - 1 sin (8 - 6 ) 


= cos 2 a + 1 sin 2a. 


In particular, if a = ^ 


the cross ratio = - 1 


and if 


cos 2a + i sin 2a = - 1, 


cos 2a = - I, sm 2a =0, 


and so a = 


7T 

2' 


we have 



8 


PROJECTIVE GEOMETRY 


[CHAP 


We may state these results geometrically as follows 
Theorem 1 . ( 1 ) Any pair of perpendicular lines is harmonically 

conjugate to the isotropic lines. 

(u) If a i ariable pair of lines contain a constant angle, they form 
with the isotropic lines a penoil of constant cross ratio 

(ui) If two lines are harmonically conjugate to the lBotropic lines, 
they must be perpendicular to each other 

(iv) If a ramble pair of straight lines form with the isotropic 
lines a pencil of constant cross ratio, they must make a oonstant 
angle with each other 


EXERCISE I. b. 

1. Evaluate ! H, ~ m if m 1 -i 

2 If L ABC -90’, AB-i, BC-1, what la AC ’ 

8 If tan 0 =i, what values would the usual formulae assign to sin 0 
and cos 6 ’ 

4 . What does the equation of th< lme y-tx bee > me when the axes 
(rectangular) are rotated through an angle a 1 

6 Interpret x 1 + y- = 0 m two different ways 

8 The coordinates of A, B, C are respectn ely (8 3) 1 ), (8 IV), ( 2, 2i'i , 
what lengths would the usual formulae attribute to AB, BC C A I B hich 
is the greater, (AB + BC) a or AC" ? 

7 -Work out the cross ratio if the lines 

1 

y-mx, y-ix y=-^x, ij- ix 

8. Show that ax z +2hxy -ay 1 = 0 w harmomcallj conjugate to 
x 1 + y 1 =0 

ft Prove that the isotropic lines are the only lines which are harmonically 
conjugate to each of two pairs of perpendicular lines [What is the con 

dition that ax 2 +2hxy + b/ =1) is harmonically conjugate ti 
x 1 + 2pxy -y 1 —0 and to x? -\-2qxy ji a = 0i] 

Transformation. It is often possible to deduce from one known 
property another property, apparently of an entirely different 
character, by effecting a correspondence between two distinct 
geometrical systems Two examples of this process of tranjforma 
tion are no doubt familiar to the reader ( 1 ) Inversion, (u) The 
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Principle of Duality. Each of these processes depends on a definite 
law of correspondence which is used to transform a given geometrical 
system into a new system, and thereby establishes m the new 
system the existence of properties which correspond to known 
properties of the original system 

Another and more important example is supplied by the piocess 
known as conical projection. Consider any figure C, consisting of 
points, lines or curves situated in a plane S Lines are drawn from 
a given point O outside 2 to all these points and to all the points 
on the lines or curves of C. These lines, radiating from O, are cut 
by anv other plane 2' m a new system of points, lines or curves 
forming a figure C'. Then C' is said to bo the comeal projection 
of C, and 0 is called the vertex of projection. Now suppose that 
both sj stems C, C aie placed in the. same plane We then have two 
coplanar sy stems so related that to every point and eiery straight 
line of C corresponds one and only one point and one and only one 
straight line of C' and met- ier$a Wc then say that there exists a 
one to one or (1, 1) correspondence between C and C' A trans- 
formation whn h when applied to a plant s\ stem C generates a plane 
system C such that C and C are m (1 1) correspondence is called a 
homographic transformation. 

The general analytical expression for a homographic transforma- 
tion is of great importance 

Let [x, y) be the coordinates of a point A m the plane system C, 
and let (£, p) be the coordinates of the corresponding point A' in the 
coplanar system C', where C and C' are in (1, 1) correspondence 
It is require d to express £ and p in terms of x, y bmee the 
coriespondence is (1, ]), the required expressions cannot contain any 
ladicals, and we shall assume that thev do not involve transcendental 
functions. Reducing them to a common denominator, we write 

£_fi(x_V) = fz(* v) 

^ <f>( v. y)' 

where /j,/ 2 , <j> are polynomials in x, y such that there is no factor 
common to all three functions f v f,, <f> 

Then to any straight line p£ + ?p + r =0 corresponds 

pf i(*> y) + 9/ 2 (*. y) + r 4> (*, y) = o. 
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But by hypothesis this is a straight line Therefore / lt / s> f> must 
be linear in x, y , 

. a 1 y+b 1 y+c 1 _ ggi + b a y + c a 

-ix + my + n ’ Ix + my+n ' 

If we solve these equations for a: and y, we see that the solutions 
are of the form 

Xz= ^t±&l±li t/= a ii + ^i , l + 7 2 

K^ + fiTj + v ’ A£ + /iq + i 

And it is obvious that these relations are in general sufficient to 
secure the required (1, 1) correspondence Points on the lines 
lx + m,y + n — 0 and Aff +/nj + 1 / = 0 require further consideration 
But leaving aside these important special cases, we may say that 
the relations obtained above provide the most seneral analytical 
expressions for a homographic transformation. 

If a point A in C coincides with the corresponding point A in C 
it is called a self-corresponding point of the two systems 

Theorem 2. The cross ratio of anv pencil of four concurrent lines 
is unaltered m value bv any homographic transformation. 

Take the origin at the point of concurrency so that the four lines 
of the £, i) system may be written 

V = m i£’ >/ = >»a£> = 

With the notation used above, the line corresponding to > )~ m i£ 18 
a 2 x + b 2 y +c s = m l (u l x + b,y +c t ), 

which is parallel to y =- f s sav 

y J 6 2 -mA 1 

Let the other corresponding lines be parallel to 


Then 


y- M 2 x, 
M 2 -M x = 


y = M 3 r, 

o„ -m,a, 
b 2 


V WU* 
n 2 - m 2 a x 
b 2 - m 2 b 1 


(m 2 -m l )ia 1 b t -a t b I ) 

(ij-nri&jdftj-mX)’ 




reduces at once to 


(rrt a — )(m t - m.) 
(m 4 mf) 
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Corollary L The cross-ratio of any range of four collinear points 
is unaltered in value by any homograplnc transformation. 

For the cross-ratio of a range is equal to that of any pencil having 
this range as a section. 

Corollary 2. If a homographie transformation is applied to a 
harmonic pencil oi to a harmonic range the new pencil or the new 
range is harmonic. 

Theorem 3. Any come may be transformed homographically 
into a circle by a relation of the form 

p£ <7q 

x = , ii = - 1 . 

V+P V+P 

Let the conic be ax 2 + 2hxy + by 2 + 2gx + 2fy + c = 0- 
The transformed curve is 

ap 2 £ 2 + 2 hpq£i) -t 6? V + 2 gp£( q + p) + 2 fgij( q + p) + c( q + pf = 0. 
This is a circle if 

ap 3 = bq 2 + 2fq + c and 2hpq + 2gp=0, 
which hold good if 

2 = - g h and p 2 = - 2 fyk + eh 2 ). 

The transformation can therefore be elfected in this way : it is, of 
course, clear that there are far more general forms of transformation 
which also produce the required result. 


EXERCISE I. c. 

1. Prove that the degree of a curve is unaltered by any homographic 
transformation. 

2. How many independent constants are there in the general homo- 
graphic transformation ? Show that a transformation can be chosen 
which wfH make any given quadrangle correspond to any other given 
quadrangle What happens if the four comers of the quadrangle 
degenerate into four collinear points ? 

3. Find the self-corresponding points in the transformation defined by 

x + 2 y 2x + y 

> ‘^x + y-l’ v ~x + y - 1 

4 . If two coplanar figures correspond homographically, prove that 
there are in general three (finite) self-corresponding points”. How many 
self-oorresponding lines exist ? 
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5. If the relation is ; 'o* , i* 1 = vTo!, ii’ prove that all lines in 


_x + 3y-I _2x-,y-t 1 
^x + 2j/-t-l’ ^ ~ r + 2y + 
the (f, tj) system parallel to £ + 2t) = 0 correspond to lines in the (re, y) 
system which concur at ( - J, - J) 

8. With the notation used above, prove that a set of parallel lines m 
the (£, i}) system correspond to a set of lines in the (x, y) system which 
concur at a point on lx + my +n =0 

9 S „ 


7. Prove that the homographic relation £ — , 

the parabola ip — a£ into a circle 

8 If the homographic relation is (=a ] x+6 1 y + c 1 
prove that parallel lines correspond to parallel lines 

9. What simple homographic relations will make 

« ?+£=» ** d <<* S" 1 

correspond hi the circle £ 2 +tj 2 =i J t 


_99 


transforms 


7)=a a x + fi a !/ + c,, 


The Line at Infinity. The word * infinity occurs so often in 
analytical and geometrical reasoning that a definition of the concept 
it represents is essential To say that infinity is a number larger 
than any number we can think of is nonsense It is a manifest 
contradiction to talk of imagining a number larger than any number 
that can be thought of This then, at least is true — infinity is not 
a number. Consider a series of points A 0 . A 1( A,, A marked 
off at unit distance apart, along an endless straight line If we 
proceed to count the number of points marked off on the line, it is 
clear that it is impossible ever to complete the piocess , and accord 
mgly it is customary to say that the number of points is unlimited 
or inhmte The word “ infinite,” then, does not imply a numerical 
measure of the points on the line, but describes the nature of the 
counting process It is easy to formulate a test which distinguishes 
between a finite and an infinite group Le t us suppose we are 
counting the members of a group, one by one , if the group is finite 
it is possible for an opponent to name a definite ruinber N such that 
the counting process will bo completed before the number N is 
attained. But if the group is infinite, no matter what definite 
number N our opponent cares to select, the counting process will 
eventually yield numbers greater than N 
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Consider now the homographio transformation 

<*_ * _ y 

£ l-x’ V l-x 

Suppose a point P starting at the origin m the ( x , y) system moves 
along the x avis towards the points (1,0) then in the (£, q) system 
the corresponding point P also starts from the origin and moves 
along the £ axis Now the more closely x approaches the value 1, 
the larger £ becomes : w hatever number N our opponent chooses 
however large, it is possible to find a \alue of x neai 1 such that 
t > N for this yalue of x and for all other yalues of x between this 
value and 1 Under these cncumatanees wt say that £ tends to 
infinity when x tends to 1 from below, and using Dr Leathern's 
notation we write £-»co whenx-xl If c > 1 , £ is negative , what 
eyer negative number -N our opponent chooses, however large, it 
is possible to find a v alue of x near 1 such that £ < - N for this \ alue 
of x and for all other values of i between this value and 1 We 
therefore say that £ tends to minus infinity when r tends to 1 from 
aboie and write £ * -co when r~-xl The symbol ao , an endless 
loop, is due to John Wallis (ltiiC 1703), Savihan Piofessor of Geo 
metrv at Oxfoid and the inventor of negative indices These 
statements constitute the definition of the sense in which the woid 
‘ infinity is to be used thev show that (i) oo is not a number 
and (u) it is nonsense to say that anything can equal inhnitv 
We shall now examine the homographic transformation 


in greater detail , we see that to every point- in the x, y system 
there corresponds one and onh one point m the y q system, 
except for points on the line r — 1 But for points on the line x — 1, 
£ ceases to havi any coirespcndmg numerical value The corre 
spondence between the two systems is marred by this discontinuity 
that there exists a smgle line x— 1 m the x y system to which there 
is no coriespondmg line in the (£, q) system To secure geneiality 
of statement, this exceptional case must be eradicated We there- 
foie inyent a line which will be called the i deal line ” or the “ line 
at infinity ” and add this to the (£, q) system This line is essentially 
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fictitious. It is created solely for the purpose of corresponding to 
the bne x = 1, and possesses only such properties as are consequent 
from t his correspondence The name “ line at infinity ” is indeed 
misleading, for (1) it is not a line at all m the ordinary sense, no idea 
of direction can lie associated with it, and (n) infinity is not a 
geographical description as the phrase suggests. 

Further, we conceive a senes of ' tdtal points ” or “ points at 
infinity ” as composing the lme at infinity, their existence being 
justified solely by the fact that they fulfil the function of corre- 
sponding to points on the line r = l 

If we now solve for t, y in termB of £, 17, we see that 

x -_i_ u= V 
£+r y 1+1 

Exactly as before it appears that to eiery point m the £, 77 
system there corresponds one and only one point in the x, 1/ 
system, except for points on the lme £ + 1=0 Hence in order to 
complete the correspondence, it is necessary to add to the x, y 
system a fictitious lme which, as before, is oalled the ‘ ideal line ” or 
the “ line at infinity ’ in the x, y system. By this final addition, 
the (1,1) correspondence between the two systems is made complete, 
without exception 

Suppose we have a set of concurrent lines in the r y system which 
concur at a point. A on the lino x = 1 , say atr -1 y—b Then they 
correspond to a set of lines m the £, y system which have no finite 
point of intersection, 1 e to a set of parallel ImeR Analytically the 
bines m the r, y sjstem are A.(x - 1 ) +(y - b) =0 where A. vanes 


These become 



01 


-\ + p-6(£ + l)=0, 


whioh represents a set of parallel lines when A vanes Also the point 
of concurrency A in the X, y system corresponds to an ideal point it 
in the £, 17 system We therefore regard the set of parallel lines m 
the £, y system sis containing and determining the ideal point a 
Further, no lme contains more than one ideal point, because the lme 
corresponding to it in the x, y system meets the lme x = 1 at one and 
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only one point. We therefore associate the direction of a line or 
the direction of a set of parallel lines with the ideal point so deter- 
mined. By a convenient extension of the meaning of words, we 
say that parallel lines cut the line at infinity at the same (ideal) 
point. It should be noted that the statement that a fine contains 
one and only on? idea] point is the equivalent of Playfair’s Axiom, 
and we have deduced it from analytical considerations, whioh tacitly 
assume the Euclidean axiom of parallelism. If, as in non-Euclidean 
geometry, this axiom is discarded it is no longer true to say that 
every line contains either one or only one ideal point. Summarising 
this discussion, we conclude by saying that the term “ line at 
infinity ” is introduced solely to secure continuity of statement in 
dealing with homographic transformations. It is a straight line, 
only in the sense that it corresponds homographically to a straight 
line ; and this involves the fact that it meets every other straight 
line in one and only one (ideal) point. Further, it lies at infinity, 
only in the sense that it contains no finite point ; the statement that 
it lies at infinity describes its character, not its geographical position ; 
and lastly, it is devoid of any sense of direction ; being the aggregate 
of all ideal points, it is the aggregate of all possible directions. 

Analytical Representation of Points at Infinity. 

Let the coordinates of any point P referred to rectangular axes 


o 

Y 

P 

y 

X 


# N 


Fjo. i 


OX. OY be fj, where *, y, z are always connected by the relation 
x + y + : = l. 



18 


PROJECTIVE GEOMETRY 


[CHAP. 


To every position of P there corresponds a unique set of values for 
x, y, z. And any straight line can be represented by an equation 
of the form 

or ax + by + c 2=0. 

Any two parallel lines can be represented by 
y- mx—c^z, y-mx — c^z. 

To obtain their (ideal) point of intersection we have by subtraction 
(Cj - c a )z=0 or 2 = 0. 

Honce all ideal points satisfy the condition 2 = 0: we therefore 
say that 2=0 is the equation of the line at infinity in the plane con- 
sidered. We may also write the coordinates of the ideal point 
determined by these parallel lines in the form 2 = 0, y-mr=0, or 
x_y _z_ J_ 

1 m 0 1 + m ’ 

since x + y + z = 1 ; the coordinates are therefore 

* T - — , 0 

1 -i-7/6 1 + m 

Again, the equation of any circle can be written m the form 
X* + y 1 + 2 gxz + 2/1/2 t- c2“ = 0. 

This meets z=0, where * 2 + i/ 2 -=0 or y= ±ir. Hence ever ;/ circle 
cuts the line at infinity in the same tn'o points, viz. 

X _ y _z _ 1 
1" ±i 0 _ 1 ±t 

These two points are called the circular points at infinity, and wil 
be denoted by o, u/. 


Theorem 4. Two concentric circles have double contact wit! 
each other at the circular points at infinity. 

Take the origin at their common centre. Their equations tab 
the form x 2 + y 2 -a 2 2 2 =0, x? + y 2 -bh 2 =0. Therefore their inte 
sections are given by .t 3 + y 2 =0. 2 2 =0 


they touch each other at the points 


x 

i 


y = 2 

±i o’ 


e. at (u, in'. 
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Theorem 5. If two oorucs are homographically related to two 
concentric circles, the two conics must have double contact with 
each other 

A contact can be regarded as the limit of an intersection at two 
adjacent points , hence if two curves touoh each other, any two 
curves homographically related to them must also touch eaoh other. 
But two concentric circles touch each other at id, <u , therefore the 
conics touoh eaoh other at the points P, P', whioh correspond to w, <o'. 

Theorem 6. Every como which passes through the circular 
points at infinity must be a circle 

The equation of any conic can be written in the form 
ax? + 2hxy + by 4 + 2 grz + 2 fyz + cz 2 = 0 
This meets z — 0, where ax 2 + 2b. xy + by 2 -0 
But it is given that it meets z=0 where x 1 + y 2 —0 , 

a = b and h — 0, the conic is a circle 

Although the last few theorems have been stated in geometrical 
terms, it must be clearly understood that such geometrical language 
is employed merely as a convenient descriptive means of expressing 
the result of an analytical process. And it is only possible to make 
use of this geometrical notation if it is agreed initially that the terms 
involved have a wider significance than is attached to them in 
ordinary graphical work The existence of the circular points at 
infinity does not •correspond to any graphical reality, but merely 
affords a conventional and suggestive interpretation by a geometrical 
channel of an analytical phenomenon It expresses a definite 
feature of the properties of a circle, defined analytically for rect 
angular axes, viz the terms of the second degree in the equation of 
every circle are of the form a(x-+y’ t ) and conversely if an equation 
is of the second degree with x s + y* + 0 xy as its leading terms it 
must represent a circle But while it is convenient to generalise our 
notation, it is at the same time necessary to avoid making other 
uses of this notation than are warranted by the underlying analytical 
structure We speak of the circular points at infinity as “ points ” 
because they can be made to correspond homographically to two 
finite points (see Exercise I d, No 4), and this form of words is useful 
because certain properties can be transmitted from one system to 

d p G 


B 
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another by a homographio transformation. We shall obtain later 
the analytical form of the homographic transformation correspond- 
ing to a conical projection. Since the constants which appear m 
the equations of transformation may be real or complex, the fore- 
going pages supply a complete justification for the validity of 
imaginary projection, i f. projection where either the vertex or any 
points or lines in the projected figure are imaginary. The process is, 
in fact, to be regarded as analytical in its nature. The statement of 
the mode of projection in geometrical language is only a convenient 
means of indicating the way in which the homographic relation is to 
be chosen 


EXERCISE I. d. 


1. For the transformation t ^ ~ x + * find the line m 

x + y x + y 

the x, y svstem and the line in the a system which corresponds to the 
lme at infinity in the othei 

2. Fmd the general homographic transformation such that the lines 

corresponding to the lint at infinity are r — 0 and , 0 

3. Find the conic, which ( irreRponds to the circle x : +y 2 = l for the 


2£+ v 
t-l ’• 


-2r 
f-I 


4. tor the transformation 4- 11 =• ’^ v , , show that the circulai 

y-h y 1 

points at uifimty in the 77 system correspond to thepoints (/, 6), ( /. M 
in the x, y system 

5. Fmd a simple transformation which will make the pomts (a, 2a), 
[a, -2a) correspond to the circular points at infinity, and veiifj that it 
converts the parabola y s = 4ax into a circle 


6. What are the x, y, z m irdinates of (1) the point (1, 4), (11) the point 
at infinity on 'lx -f 'iy - 1, (m) the pomts at mhmtv on 4x- - y 2 = 1 9 

7. Sj—O, S3 — 0 arc the equations of two comes, prove that any 
homographic transformation which makes them both correspond to 
circles will also make the conic Si \S 2 — 0 correspond to a circle, where 
\ is any constant State this result m geometrical terms 


8 Determine a simple homographic relation which will transform 
both thB comes r 3 + 3y- — 1 and 'lx 2 + y - 2 into c in les 


9. Prove that the transformation caused bv inversion ’ may be put 
k 2 y 

in the form , , ,, where k is the radius of imersion. 

Is this a (i, 1) correspondence *> 



CHAPTER II 

ORTHOGONAL PROJECTION 

Imagine any geometrical system of points, lines and curves traced 
on a plane glass plate If this is held up in the sunlight above a 
sheet of paper, shadows mil be cast on the paper forming a second 
geometrical system corresponding to the first If the paper is held 
so that all the light rays are perpendicular to the plane of the paper, 
the shadow system is called the orthogonal projection of the system 
on the glass plate There is a ( 1 , I ) correspondence between the two 
systems, hut they differ in shape and size, if the plane of the glass is 
not parallel to the plane of the paper. 

Definitions. 

(I) If P,, P 2 , are a system of points in a plane N, and if p L , p 2 , 
are the feet of the perjiendiculars from these points to a plane <r, 
then the system p v p„, is called the orthogonal projection of the 
system P t , P 2 . on the plane >r 

(II) The line of intersection of the planes S ami <r is called the 

axis of projection. 

'some of the following theorems still hold good in the more general 
process of conical projection , these are indicated by an asterisk 
In the present chapter, the word • projection ’ is used as an abbrey la- 
tion for “ orthogonal projection ” 

Unless otherwise stated, capital letters refer to the original system 
and small letters denote the corresponding elements of the projected 
sj stem. 
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•Theorem?. (I) >A straight line projeots into a straight line. 

(2) The meet of two straight lines or curves projects into the meet 
of their projections. 

(3) The join of two points projeots into the join of their projec- 
tions. 

(4) Any point on the axis of projection is unaltered in position by 
projection. 

(5) Any line and its projection meet on the axis of projection. 

The proof of these statements is obvious. 

Theorem 8. Parallel lines project into parallel lines. 



Let the parallel lines be PjQ,! and P 2 Q, 2 ; take any point A on the 
axis of projection and draw any two lines AP ; P], AQjQj to cut the 
parallel lines at P 2 , ?! and Q a , Q x . Let p 2 . p v q 2 , q l denote then- 
projections on cr. 


By parallels, 


Api AP i AQ, A 9l 

Ap 2 ”AP a ' _ Aft 2 _ Ag 2 ’ 


.'. p 1 q 1 is parallel to prft- 


Q.E.D. 


Corollary. The line Bit infinity in 2 projects mto the line at 
infinity in <r. 

For any point at infinity in 2 is determined by a set of parallel 
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lines in 2 ; these project into a set of parallel line# in cr which 
determine a point at infinity in <r. 

The reader should note that this corollary cannot be proved by 
an argument based on a statement suoh as the line at infinity le a 
line at an infini te distance, for this phrase is meaningless. If logical 
use is to be made of the notion of “ infinity,” it is essential that pro- 
perties associated with it should be deduced rigorously from the 
initial definitions and axioms 


Theorem 9. (1) If P 2 is the mid-point of PjPj, then p 2 is the mid- 
point of PiP :i - 

(2) If P x , P 2 , P, are colhnear, then 

•s* a fine’s 

*(3) If P,, P 2 , P :| , P 4 are colhnear, and if {PiP 2 P 3 P 4 } is harmomo, so 
18 {PiPiPsPt'- 

*(4) If Pp P 2 , P s , P 4 are colhnear, the ranges (P 1 P 2 P J Pp and 
{PiPsfbPi} are equicross. 

*(6) The cross ratio of a pencil is equal to that of its projection. 
The proof of these statements is obvious. 


Theorem 10. If PiQp P 3 Q 2 are parallel, then ■ 

r p 2 q. 

Let P,P 2 meet Q t Q 2 at A, and let a be the projection of A (of 

Fig. 2). 


By parallels, 


PiQi __ PjA _p,a = p i q i 
P 2 G 2 P 2 A p 2 a p 2 q 2 


Q.E.D. 


Theorems 9 (2) and 10 amount to the statement that the ratios of 
segments of the same or parallel lines are unaltered by projection. 


Theorem 11. (1) If PjPj is parallel to the axis of projection, 
p i P 2=PiP»- 

(2) If PjP 2 is perpendicular to the axis of projection, and if 0 is 
the angle of intersection of the two planes, Pii> 2 = p 1 P 2 • 00 s 0. 

The proof of these statements is obvious. 
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Analytical Treatment. 

Choose the axis of projection as the Y axis in S and the y-axis in tr. 
From any point O as origin on the axis of projection draw OX, Ox 
perpendicular to the axis of projection m the planeB 2, tr. 

Let (X, Y) be the coordinates of any point P in 2, and let (x, y) be 
the coordinates of its projection p on tr. Let d be the angle of 
inclination of 2 and cr. 

Then, by Theorem 11, x=:X cos 0, y =Y. 



O Yo ry 

Pio. 3. 


These relations constitute a homographic transformation of the 
simplest possible type. 


Theorem 12. If S is the area of any closed figure in 2, and if 


s is the area of its projection on 
tr, then 8 — S . cos 8. 

If any line parallel to OX cuts 
the boundary of S in Pj, P 2 and 
OY in N, and if NP[ =X,, NP 2 =X E . 
and if the extreme positions of 
N are A, B where OA = o, OB = 6, 
we have 

8«r (X t - X 2 )dY. 



0 A N BY 


Fig 4 


But Xj cos ft=x v X 2 cos 9 = x v and Y ; 


_ 6 X , - Xo . 1 1 6 , , , « 

8 = 


« = S . COS f/. 


Q.E.D. 
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Theorem 13. The projection of the centroid of an area bounded 
by a curve C is the centroid of the area bounded by the curve o, 
the projection of C. 

With the same notation as in Theorem 12, 


x-coordinate of centroid of c = 


J | xdxdy 
(jdr dy 


But £ = Xcos<? and y= Y, 

^-coordinate of centroid of c = 


= cos 8 


f (x dX dY 

JjtZXdY 


f jx cos 3 8dX dY 
1 5 cos 0 dY, dY 


= cos 8 ■ X coordinate of centroid of C. 


Similarly, y coordinate of centroid of c- 


\\ydxdy 


\\dxdy 

f [Y cos 6 dy dY [ (YdX dy 
JfcosddXdY \\dXdV 
= Y-cooidinate of centroid of C . 
the centroid of c is the projection of the centroid of C 


Q.E D 


The Ellipse. Any equation of the second degree represents a 
conic (or a pair of straight lines) If the equation is of the form 



2*2 y 2 

a 2 + ^ 2 = l, it is evident that the curve is synimetiical about each 
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ooordinate-axis and also about the origin. The graph is shown in 
Fig. 6 , where C is the origin, ACA' the z-axis and BOB' the j/-axis. 

If a >6, the line ACA' is called the major axis and the tine BCB' 
is called the minor axis, and C is called the centre of the ellipse ; 
AC=CA'=a, BC=CB'=6. 

X 2 Y 2 

Theorem 14. The ellipse - 9 + ^ = l, where a>b, is projected 
orthogonally into the circle x 2 + y s if the axis of projection is 



the minor axis OY and if the angle 0 between the planes is given by 

cos 0 — ~. 
a 

With the previous notation, x—Xcos 6= y = Y ; 


X'Y 1 . , 

! becomes 


6 s ' 


\ 1 +^ = 1 
~9. ’ 7 *> 1 


6 s “ 




Q.E.D. 
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Corollary 1. Ellipses, which have their major axes parallel an d 
the ratio of their major to their minor axle constant, can be projected 
simultaneously into a system of circles. 

The equation of any ellipse of the system can be written 

(X-P) 3 , (Y-g)V , 

XV + A. 2 * 2 ’ 

where a, b are constant- and A., p, q vary ; the transformation 
x — y =Y converts each ellipse into a circle. 

Corollary 2. If, in addition, the ellipses are oonoentnc, they can 
be projected into a system of concentric circles. 

Definition. Ellipses which bate their major axes parallel and the 
ratio of their major to their minor axis constant are said to be 

homothetic. 

1 he reader who is acquainted with the geometry of the ellipse will 
obserte that the connection between a circle and its orthogonal 
projection is identical with the connection between the auxiliary 
aide of an ellipse and the ellipse itself 
It should be noted that if the circle X 2 + Y 2 = a 2 is projected into 
the ellipse ^ + ^ a = 1, the projection of the point (a cos 0, a sin 0) on 

the circle is the point (a cos 9, b sin 6) on the ellipse , this angle 0 is 
called the eccentric angle of the point, and we therefore see that the 
eccentric angle is unaltered b\ projection. 

Since a tangent to a curve mag be regarded as the limiting position 
of a line cutting the curve, it follows that the projection of a tangent 
to a curve is a tangent to the projected curve. 

EXERCISE n. a. 

1. A line AB of length r in the plane 2 makes an angle a with the 
axis of projection, the angle between 2 and cr is ff , find the length of ab. 

2. With the data m Ex 1, prove that ab makes an angle 

tan _1 (tau a cos 6) 

with the axis of projection 

8. ABC is an equilateral triangle in the plane 2 and BC is parallel 
to the axis of projection , the angle between 2 and a is 45° , calculate 
~abc 
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4. Prove from first principles that the projection of the centroid of 
the triangle ABC is the centroid of abc 

5. If the axis of projection is the x axis, and if the angle between the 
planes is 45°, find the projection of 

6 . AB, CD are two equal perpendicular lines of constant length m2; 
prove that o6 2 + <xi! 2 is constant for a given plane of projection 

7. ABC is an equilateral triangle of given size , prove that 

afd + be 1 + ca 2 

is constant. 

8. Find the angle between the planes if the projection of y* = is 
y s =4 bx, (l) if a<L_b, (n) if a>i 

9. If, with the notation of Pig 5, N is the foot of the perpendicular 
from a variable point P on the ellipse to the major axis AA', and if NP is 

produced to Q, so that ^q = q > prove that the locus of Q, is a circle having 

AA' as diameter [This circle 14 called the auxiliary circle ] 

10 A variable chord of a given ellipse cuts off a segment of constant 
area , prove that the chord touches a fixed homothetic ellipse 

11 If PQR is a triangle of maximum area that can be inscribed in a 
given ellipse, prove that the tangent at each vertex is parallel to the 
opposite side 

12. The sides BC, CA, AB of a triangle touch an ellipse at P, Q, R , 
prove that BP CQ AR=PC QA RB 

18. The tangents at the extremities of a chord PQ of an ellipse meet 
at T , if the eccentric angles of p, Q differ by a constant, find the locus 

ofT 

14 Prove that the area of the minimum tuangle which can be de- 
scribed about an ellipse, semi axes a, b, is i\'3ab 

15. An ellipse cuts the sides BC, CA, AB of a triangle at P,, P, , 
Qi> Qi ■ RpR 2 , prove that 

BP! BP, CQi CQ,.ARi AR, = CP, CP, AQ, AQ, BR, BR, 

16. A lino cuts two concentric homothetic ellipses at P, Q . H, K , 
prove that PH = QK 

17 H, K are two fixed points on an ellipse , HP, KQ are two variable 
parallel chords , find the envelope of PQ, 

18 From a point on an ellipse, tangents are drawn to a concentric 
homothetic ellipse, touching it at P, Q, and meet mg the first ellipse at 
R, S , prove that PQ = £RS 

19. Through a variable point O two lines of fixed direction are drawn 

outtrng a given ellipse, at P, Q and P , Q' , prove that 5^ is 

constant What special value ia obtained by taking O at the centre of 
the ellipse ? 
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20. A triangle PQR is inscribed in an ellipse and tbe tangents at the 
vertices of the triangle meet the opposite sides at X, Y, Z ; prove that 
X, Y, Z are coliinear. 

Diameters of an Ellipse. If the projection of the ellipse is the 
circle centre c and if pq is a \ enable diameter of the circle, then 
pc-cq, Consequently for the ellipse PC=CQ so that every chord 
through C is bisected at C ; C is therefore the centre of the ellipse, 
and any line through the centre is called a diameter of the elhpse. 
Consequently the projection of a diameter of an elhpse is a diameter 
of the circle. Further, the mid-points of a system of parallel chords 
of an elhpse lie on a straight line, a diameter of the ellipse, because 
their piojections are the mid points of a system of parallel chords 
of a cncle. And if PCP', QCQ' are two diameters of an elhpse such 
that the mid-points of chords parallel to PCP' lie on QCQ', then the 
mid-points of choids parallel to QCQ' he on PCP', for their projec- 
tions are perpendiculai diameters of the circle We thpn call 
PCP', QCQ' conjugate diaimten of the elhpse, and mc see that if the 
ellipse is projected into a circle, anj, parr of conjugate diameters 
pi eject into diameters at right angles. 

Poles and Polars. If a variable line is drawn through a fixed 
point P to cut an ellipse at H, K, and if Q is the harmonic conjugate 
if P » r t H, K, then the locus L of Q is called the polar of P w.r.t. 
the ellipse, and Q is called the pole of L 

Theorem 15. (1) A point and its polar w.r t an ellipse project 

nto a jxnnt and its polar w.r.t. the circle uito which the ellipse is 
projected. 

(2) The polar of a point w r t. an elhpse is a straight hne. 

Tlie projection of a harmonic range is another harmonic range. 
[Lis theorem therefore follows at once from the polar properties of 
i circle. 
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Theorem 16. (1) If the polar of P passes through Q, then the 
polar of Q, passes through P. 

[P, Q are called conjugate points w.r.t. the ellipse.] 

(2) If the pole of the line HK fies on the line MN, then the pole of 
MN lies on HK. 

[HK, MN are called conjugate lines w.r.t. the ellipse.] 

(3) Conjugate points and conjugate lines w.r.t. an ellipse project 
into conjugate points and conjugate lines w.r.t. the circle into which 
the ellipse is projected. 

/4) The oentre of the ellipse is the pole of the line at infinity. 

(5) Conjugate diameters of an ellipse are oonjugate lines w.r.t. 
the ellipse. 

These results are evident, by projection. 

In order to illustrate the application of orthogonal projection, the 
following examples are added. The reader should note that lengths 
of lines are altered by projection ; consequently metrical properties 
must be proved either by casting them into the form of ratios of 
segments of the Bame or parallel lines or by means of cross-ratios. 

Example I. CP, CD are two oonjugate semi-diameters of an 
ellipse ; two other conjugate semi-diameters meet the tangent at P 



Project the ellipse into a circle ; since cp, zd are oonjugate dia- 
meters of the circle, l ped = 90° ; therefore cd is parallel to hk, and 
so CD is parallel to HK. 

HP PK 

each of the ratios , „ n is unaltered by projection. 
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Sinoe ch, ck are conjugate diameters of the circle, _ hck~ 90° ; 
hp.plc—cp t =cd t , 
hp pk _ . 

•• cd ' cd~ l; 

Up 

" ’ CD = 1 0T ■ PK = CD®. Q.E.D. 

Example H. If a parallelogram circumscribes an ellipse, and if its 
sides are parallel to conjugate diameters, then its area is constant. 




Let the semi-axes of the ellipse be a.b , project the ellipse into a 
circle, radius b, by projecting on to a plane making an angle t) with 

the plane of the ellipse, where cos 0 = ^. [Th 14 ] 

Conjugate diameters of the ellipse project into perpendicular 
diameters of the circle, and therefore the parallelogram becomes a 
square of side 26 and area 46 2 . 

a 

the area of the parallelogram = — 5 = 46 s x =4o6. 


EXERCISE n. b. 


1 The centroid of the triangle PGR, inscribed m an ellipse, is at the 
centre of the ellipse If the ellipse is projected into a circle, prove that 
the projection of PQR is an equilateral triangle 

2. If CP, CD are conjugate semi diameters of an ellipse, prove that 
the tangent at P is parallel to CD 

8. If PQ is a chord of an ellipse and if the tangents at P, Q meet at 
T , prove that T is the pole of PQ 
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4 . T is the pole of a chord PCI of an ellipse, oentre C ; prove that CT 
bisects PQ. 


5. With the data of No. 4, if CT cuts PQ at V and the ellipse at H, 
prove that CV . CT = CH 3 . 

6. Prove that the area of the maximum triangle that can be inscribed 

O /O 

in an ellipse, semi-axes a, b, is ab and that the centroid of the triangle 


is at the centre of the ellipse. 

7. P is any point on an ellipse, centre C, major axis.ACA' ; a line AQ 
parallel to CP cuts the ellipse at Q and the minor axis at R ; prove that 
AQ . AR = 2CP 2 . 


8. The tangents TP, TQ at the points P, Q on an ellipse are at right 
angles ; PH, QK are the normal chords at P, Q ; prove that 

TP . PH -TQ . QK. 


9. T is a variable point on a tangent to a giien ellipse at a fixed 
point P ; from the mid-pomt ftl of TP the other tangent MQ is drawn to 
touch the ellipse at Q ; prove that TQ passes through a hxed point. 

10. PP' is a diameter of an ellipse ; any chord P'D cuts the tangent 
at P in Q ; prove that the tangent at D bisects PQ 

11. A tangent to an ellipse meets two conjugate diameters at T. T' , 
prove that the other tangents from T, T to the ellipse are parallel. 

12. N is the foot of the perpendicular from a point P on an ellipse, 
centre C, to its major axis AA' ; NQ is drawn parallel to AP to meet 
CP at Q , prove that AQ is parallel to the tangent at P. 

18. Lines are drawn through the vert lies of a triangle inscribed in an 
ellipse, parallel to the diameters bisecting the opposite sides; piove 
that these lines are concurrent. 


14. Generalise the property known as Simeon’s Line. 

15. CP, CD are conjugate semi diameters of an ellipse ; PN. DR are 
the perpendiculars to the majoi axis; prove that (i) PN ! + DR 2 -CB : , 
(n) CM 2 s- CR 2 - CA 2 , (in) CP ! - CD 2 = CA- + CB ! . (i\ ) PN . NC= DR RC 


16. CP, CD are conjugate semi-diameters of an ellipse; PD cuts the 

CA 2 CB 2 

major and minor axes at M, N ; prove that — 2. 

CM 2 CN 2 


17. If P, D are two points on an ellipse whose eccentric angles diffei 
by a right angle, prove that CP, CD are conjugate semi diameters. 


18. PQ is a diameter of the ellipse, R is any point on the curve ; prove 
that the diameters parallel to PR, RQ, are conjugate. 

19. PCP\ DCD* are the equal conjugate diameters of an ellipse , 
CP meets the tangent at the \ertex A m H , prove that either PD 2 or 
PD'* equals 2 AH*, 
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20. The tangents at the extremities P, P' of a diameter of an ellipse 
meet any other tangent at H, K and any two conjugate diameters at 
L. M ; prove PL ■ P , M = PH . P’ K- 

gl. Generalise the property : if PQ is a diameter of a circle and if R 
is a variable point on the circumference, PR 2 + RQ 2 is constant. 

22. T is the pole of a chord PQ of an ellipse, centre C ; TP, TQ meet 
CQ, CP at Q,', P' ; proveATPP'=ATQQ'. 

23. T is the pole of a chord PQ of an ellipse ; a chord H K parallel 
to TP meets PQ at V, TQ at R ; prove RV 2 = RK . RH. 

24. CP. CD are conjugate semi-diameters of an ellipse ; G is the 
centroid of the sector PCD ; GN is drawn parallel to CD to meet CP 

at N ; prove = =„ • If O is the centre and AC a chord of a 

CD Or .17T L 0 G o chord AC “1 

circle and if G is the centroid of sector AOC, then , . - . 

OA 3 arc AC J 

25. Find the position of the centroid of the area bounded by a 
diameter of an ellipse and the portion of the curve on one side of it 


26. Of all triangles that can bo inseited in an ellipse, the tnangle 


whose vertices have as eccentric angles <p, 
area. 


0 + 


2ir 47 r 

3 > 0 + g 


is of maximum 


27. Generalise : the tangents from any point to a ciicle are equal. 

28. Generalise: if a triangle PQR inscribed in i circle is such that 
the tangent at each vertex is parallel to the opposite side, the triangle 
is equilateral . and if T is am point on the circumference 

TP-tTQ + TR o. 

29. A triangle, area A, sides a, h, r, is thp orthogonal projection of an 
equilateral triangle ; prove that the anglo between the two planes 

depends onlv on the ratio — — , , „ 

a- +■ Ir + r- 


30. ABCD is a rhombus of side 2 inches ; -BAC-60’ ; the rhombus 
is tin' orthogonal projection of a square in another plane Prove that 
the side of the square is'y (> inches, and find the angle between the planes 

31. Two adjacent sides of a parallelogram are of lengths a, b and are 
inclined at an angle <p , the parallelogram is projected into a square, 
side a - ; prove that 2-r 3 — a- + b ! -\ (a* f 2a 2 A 2 cos 20 + b 4 ). 

[Diavv an ellipse to touch the sides of the parallelogram at their mid- 
points.] 

32. The normals at the points P. Q of an ellipse, centre C. are per- 
pendicular and meet the ellipse again at P', Q' ; prove that the sectorial 
areas CPP , CQQ' are equal. 



CHAPTER III 

CONICAL PROJECTION 

The idea of conical projection originated with Serenus (460 a.d.) ; 
bnt no real use was made of it before the time of Desargues (1593- 
1062), a French architect and engineer, who served under Richelieu 
at the siege of Rochelle. Th§ modem theory of projective geometry 
is only a development of Desargues’ work, and it is worth noticing 
that Von Staudt'a non-metrical Qeomeiry of Position takes as its 
starting-point Desargues’ property of perspective triangles. Des- 
argues’ ideas were not, however, appreciated at their true value by 
his contemporaries, excepting Pascal, chiefly because the new 
analytical field of discovery, opened by Descartes, appeared moTe 
attractive and fruitful. It remained for 0arn6t (1753-1823), Poncelet 
(1788-1867) and Chasles (1793-1880) to perceive their merits and 
develop them. Poncelet by his conception of “the circular points 
at infinity ” and his discovery of their connection with the foci of a 
conic and by his enunciation of the “ Principle of Duality ” was 
enabled to coordinate and generalise the theory of conies, elevating it 
from a collection of isolated theorems to a connected and logical unity. 
The analytical basis for Poncelet’s method of reciprocal polars was 
supplied by Plucker by his invention (1829) of tangential coordinates. 

Definitions. 

(1 ) Pj, Pj, . . . are a system of points in a plane I. 0 is any fixed 
point outside 2; the lines OP,, OP„ . . meet a second given plane u 
at the points p v p t , .... Then the system of points p,, p 2 , , .is said 
to be the conical projection of the given system in 2 on or w.r.t. the 
point 0, which is oalled the vertex of projection. 

. (2) The line of intersection of 2 and <r is called the axis of 
projection. 
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(3) If a plane through O parallel to cr meets 2 in the line L, then L is 
called the vanishing line of 2 , similarly, if a plane through O parallel 
to 2 meets a- in the line m, then m is called the vanishing line of cr. 

(4) The meet of any line m a plane with the vanishing line of that 
plane is o«Jte4the vanishing point of the line 

Note Unless otherwise stated, capital letters refer to elements 
of the given figure and small letters to the corresponding elements of 
the projected figure. 

Theorem 17. (1) A straight line projects into a straight line. 

(2) The meet of two straight lines projects into the meet of their 
projections. 

(3) The join of two points projects into the join of their projections. 

(4) Any point on the axis of projei tion projects into itself. 

(5) Any line and its projection meet on the axi3 of projection. 


O 



The proof of these statements is e\ ident from the figure. 

Theorem 18. f J ) The cross iatio of four collinear points is equal 
to the ci oss ratio of their projections : and m particular the projec- 
tion of a harmonic range is a harmonic range. 

(2) The cross ratio of four concurrent lines is equal to the cross- 
ratio of their projections and in particular the projection of a 
harmomo pencil is a harmonic pencil 
The proof of these statements follows at once from the fundamental 
cross ratio property of a pencil, 
o FO 


c 
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Theorem 19. (1) If a system of ^concurrent lines in 2 meet at a 
point on the vanishing line oi S, then their projections form a system 
of parallel lines in cr. 

(2) Each point on the vanishing line projects into an ideal point 
or point at infinity m the projeoted system 

(3) The vanishing line projects into an ideal hne, the line at 
infinity, in the projected system. 



(1) Let 2, cr be the two planes and O the vertex of projection. 
The vanishing line L of 2 is the intersection of 2 with a plane A 
through O, parallel to cr. Let D be the point, on L at which the given 
system of lines concur. Let any line DP of the system meet the axis 
of projection at P. Then, by definition, the projection of DP is the 
line of intersection of the planes ODP. <r 
Now A and cr are parallel planes ; . the plane ODP cuts A, <r in 

parallel lines. 

the projection of DP is parallel to OD 

the given system of lines through D project into a system of 
lines parallel to OD. Q.E.L). 

(2j Now a system of parallel lines determine an ideal point or 
point at infinity, common to each member of the system. Therefore 
the projection of the point D determined by the system of concurrent 
lines ig the ideal point determined by the Bystem of parallel lines 
into which they project. Q.E D. 

(3) Further, the line at infinity is the aggregate of all ideal points 
in the plane, determined by all possible systems of parallel lines 



CONICAL PROJECTION 


35 


m 3 

But every point on tlie vanishing line projects into an ideal point 
Therefore the vanishing line projocts into the line at infinity 

Q E D. 

Corollary If D is the vanishing point of the line PD and if 0 is 
the vertex of projection, the projection of PD is parallel to OD. 

Theorem 80 If H, K are the lamshing points of two lines QH, 
QK and if 0 is the vertex of pioj»etion, the angle between the 
projections of QH, QK is equal to c. HOK 



Denoting elements of the pruj< < te 1 figure b\ small letters wc see 
that ql , qk are respectneh parallel to OH OK 

_/i?/ -HOK QED 

Theorem 81 (1) Gnen any geoinetneal s\stem m a plane 

ind a urtex of projcition O it is possible to find a plane <r 
uich that any gnen line PQ m 2 projects into the line at lnfanity 
n ir 

(2) Given two angles H AK P BQ and a line CD in a plane 2, 
tis possible to find a \ertex of projection 0 and a plane of projection 
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<r such that th* angles project into eagles of given sizes, a, /3 respec- 
tively, andtbe line CD projects into the line at infinity in <r. 

(1) Take’ior tr any plane parallel to the plane OPQ, ; then PQ is 
the vanishing 9ne of 2, and therefore projects into the line at infinity 
in cr. 

(2) Let AH', AK', BP', BQ,' meet CD at H, K, P, Q,. Take any 
other plane through CD and describe in it on HK, PQ, segments of 



circles containing angles equal to a , (i respectively, and let O he 
one of the points of intersection of these circles. With O as vertex, 
project the system on to any plane parallel to the plane OCD. 

Then, by Theorem 20, since H, K, P, Q, are vanishing points, it 
followa that the projected angles hak, pbq are equal to a , /} respec- 
tively and the line CD is projected to infinity. Q.E.D. 

Note, (i) The two circles may not cut at real points ; in such a 
case the vertex of projection is imaginary. Since, however, the pro- 
cess of projection corresponds to a definite analytical transformation 
(see p. 40) it may still be regarded as valid. Any results obtained 
from such a process are valid even if the process has no graphical 
significance ; the employment of geometrical language is merely a 
convenient means of describing a particular analytical operation, 

(ii) We cannot distinguish between the magnitudes of angles 
hak, hak' ; either of these may prove to be a, and the other will be 
its supplement. 
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(ui) Theorem 21 (2) may also be stated m the following form : 
Given a triangle ABC and a bne PQ in its plane, it is possible to 
project ABC into a triangle similar to a given triangle and at the 
same time the line PQ, to infinity. 

Theorem 22. [Desargues’ Theorem.] 

(1) ABC, A'B'C' are two triangles m the same or different planes. 
If AA', BB', CC' are concurrent, then the meets L, M, N of BC, B'C'; 
CA, C'A' , AB, A'B' are colhnear 

(2) Conversely, if L, M, N are colhnear, then AA', BB', CC' are 
concurrent. 

(1) Suppose first that ABC, A'B'C' he in different planes IS, 2', 
and let AA', BB', CC' concur at O 
Then A'B'C' is the projection of ABC w r t. O on 2' 

BC meets B'C' on the axis of projection. 

L lies on the line of intersection of 2, 2'. 

Similarly M, N he on this line , . L, M, N are colhnear 


.N 




Fta 15 


Fia 16 


Suppose next that ABC, A'B C' he m the same plane Project 
LM to infinity Since BC, B C' meet at L, be, b c are parallel 
Since CA, C'A' meet at M, ca , c'a' are parallel 
Ob _Oc _Oa ' 

Ob' ~Oc'~Oa' ’ 

. . oh, a'b' are parallel, and so AB, A'B' meet on LM , 

L, M, N are colhnear. 


Q.E.D. 
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(2) For the converse, suppose first that ABC, A'B'C' he in different 
planes. 

Since BC, B'C' intersect, they lie in a plane, a say. 

Similarly, let /3, y be the planes CC'AA', AA'BB'. 

Then AA', BB', CC' are the lines of intersection of the pairs of 
planes ($, y ; y, a ; ra, (3. But any three planes have one ootnmon 
point, so that their lines of intersection are concurrent ; 

AA', BB', CC' are concurrent. 


Suppose next that ABC, A'B'C' lie in the same plane. 

Project the line LMN to infinity ; then ab, be, ca are parallel to 
a'b', b'c', c‘a’, and the triangles abe, a'b'c' arc similar. Suppose 
a'a, e'e meet at 0, and b'b, e'e meet at 0 2 


Then 


OjC _ ca _ cb _ 0 2 c 
OjC'~e'a' _ e'l/ — 0 2 c' ’ 


.'. Oi coincides with 0 2 . and so aa', bb\ cc' are concurrent. 

Q.E.D. 


Definition. If the joins of corresponding vertices of two triangles 
are concurrent, the triangles are said to be in perspective . the point 
of concurrency is called the centra of perspective, and the hoc on. 
wlfich corresponding sides intersect is called the axis of perspective. 

Theorem 23. If a lino APB touches a curve S at P. then the 
projection of APB touches the projection of S at the projection 

of P. 

The tangent at P is the limiting position of the chord PQ when Q 
tends towards P along the curve ; and the tangent at p is the 
limiting position of when q tends to p. 

the tangent at p is the projection of the tangent at P. 

Q.E.D. 


Example. To establish the harmonic property of the quadrilateral. 
With the notation of Fig. 17, it is required to prove that yAECPJ 
is harmonic. 

Project FG to infinity ; Fig. 18 represents the projection. 

AD, CB meet at F ; .'. ad, cb are parallel. 

DC, AB meet at G ; dc, ab are parallel. 
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abed ig a parallelogram , ar - - ec 
Sinoe P lies on FG. p is a point at infinity. 




Since ae = ec, ,accp ) is harmonic. 

{AECP; is harmonic. Q E D. 


EXERCISE III. a. 


lYA. B, C arc three collmear points m order, show how to project 
so that c is the nnd point of ab 

B, C aie three collmear points , show how to project so that 
the ratiu * equals any given value 

3VCnen a triangle ABC and any point P in its plane, show how to 
project so that p is the centroid of triangle abc 


4 . Prole that the vanishing lines m i and a aic parallel 

5. Vf straight line meets the sides BC. CA, AB of a triangle ABC at 
P, Q, R , P\ Q,'. R are the harmonic conjugates of P, ft, R w r t BC, 
CA, AB respectively , prove that AP\ BQ . CR' aie concurrent 


8. Genera 
lateral are> 



le the mid points >f the three diagonals of any quadri- 
mear 


R are points on the sides BC, CA, AB of a triangle ; prove 

that ~ is unalteied by projection. 

* w \«AA no 

Deduce Menelaus’ Theorem from this result. 


8. A, B, C, D, E, F are six collmear points , l, m, n are any constants 
such that LAB CD EF + m . AC . BE . DF +n. AD BF . CE ~(k prove 
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that this relation a unaltered by projection jThiB o a generalisation 
of the fundamental cross-ratio property ] 

9. AB is the axis of projection , CD is the vanishing hne of 2 , 
A'B' is the reflection of AB in CD ; prove that the length of any segment 
of A'B' a unaltered by projection 

10. A, B, C , A', B\ C are two »ete of three oollinear point* , prove 
that the meets of AB', A'B , BC', B'C ; CA', C'A are oollinear. 

11. A, B, C are three fixed colknoar points , PQ.R is a variable triangle 
eunh that P, ft lie on fixed lines and ftR, RP, PQ pass through A, B, C 
respectively ; prove that the locus of R is a straight line 

12. tnny line meets the sides AD, DC, CB, BA of a quadrilateral at 
P, ft, R, S ; P'. ft , R', S are the harmonic conjugates of P, ft, R, S 
w.r.t AD, DC, CB, BA , prove that Pft, P'Q,', R S' are concurrent 

18 Three triangles are such that their vertices he on the same three 
concurrent lines , prove that the axes of perspective of the triangles 
taken m pairs are concurrent 

14. P is a variable point m2; H, K are two fixed points on the 
vanishing line of 2 , prove that L hpk is constant 

^15 Show how any quadrilateral can be projected into a square of 
given size. 

18 Show how two quadrilaterals which have a common third diagonal 
can he projected into rhombuses 

JR (l) ABCD are four colhnear points , P, ft are a jiair of jxunts 
rarmomcally conjugate to B, C and to A, D , prove that the locus of 
points at which AB, CD subtend equal angles is the circle on Pft as 
diameter 

(ul Show how to project any three angles into three equal angles and 
at the same time any line to infinity 
•8. Given the planes 2, a and the vertex of projection O. show jthat 
there are two points M , N m 2 such that any angle in 2 whose apex is at 
M or N is unaltered in size by projection 

[Let XY be the axis of projection; let a, /3 be the planes through 
X, Y which bisect the angles between 2, <r , from O draw perpendiculars 
to a, p meeting 2 in M, N and a in m, n , take any two points A, B on 
X Y, and show that L AMB = L Aw3 J 

Analytical Treatment of Conical Projection. 

V is the vertex and BD the axis of projection. The plane through 

V parallel to <r meets 2 in the vanishing line AC. The plane through 

V perpendicular to BD meets BD, AC at B, A P is any point in 2, 
VP meets <r at p. 

Take as origin any point O on BD ■ for axes, in 2 take 0.r, O y 
along and perpendicular to OD, and m o- take 0£, Or/ along and 
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perpendicular to 00. Let (x, y) and (£, p) be the coordinates of 
P, p referred to these axes. 

Let VA -a, AB=6, BO=c. 

Let AP meet BD at m ; since the plane VPA cats the parallel 
planes VAC, cr in parallel linos, VA is parallel to pm ; but VA is 



perpendicular to BD since the plane VAB is perpendicular to BD ; 
therefore pm is perpendicular to BD , pm = >p O m = g. 

Draw PN perpendicular to BD, so that PN = y, ON=x. 
pm Pm _ Not 
VA ~ PA ~NB : 


By parallels, 


x + c 


i/r + i/c =-a£ - ax ; 


Similarly, 


x(>/ +a) = a£ -Cy or x = 

PN_wiP_ mp 
AB wA mp + S/A’ 


_a£ ~oy 


p + a 


77 brj 

or y- ' 


' b tj+a * rj + a 

Therefore, by a proper choice of axes, any figure and its conical 
piojection are related by the equations 

* = y-JUL. 

p+a ’ y p+a 
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If the origin is' taken at 8. c = 0, and we obtain the simpler form, 

a£ bn 

x = — ; y = — 
i] + a r/ + a 

These equations represent an analytical transformation which 
corresponds to the geometrical operation of conical projection, and 
therefore justify the process under all circumstances. The constants 
a, b, c may be regarded as defining the position of the vertex of 
projection : if a, b, c are all real, the vertex of projection is real ; 
but if any of these constants are imaginary, V is an imaginary point, 
but this does not invalidate the process, viewed as an analytical 
operation. By an extension of the meaning of the terms employed, 
it is possible to indicate in geometrical form an analytical process 
which may have no graphical analogue, and in this way a laborious 
piece of analysis may be avoided. Any two conics can, for example, 
be projected into two circles by a real projection if they do not cut 
at real points ; consequently any descriptive property connecting 
the two circles can be transformed into a property of the two conics 
by purely geometrical methods : but this transference could lie 
effected with equal validity, although with less case, by analysis 
If, however, the two comes have four real points of intersection, it is 
impossible to obtain a real projection which will change both of them 
into circles, but a transformation with imaginary coefficients can 
be found which will change both into circles, and so the analysis 
makes no distinction between the two cases, as the same analytical 
method applies wffiether the coefficients are real or imaginary, and 
therefore the transmitted property must still bold good. The 
analysis is indeed an essential part of the proof ; but since it leads 
inevitably to a result that can be predicted, it may be omitted ; the 
nature of the analysis is indicated by the geometrical description of 
the method by which the projection is to be effected. 

Theorem 84. (1) Any conic can be projected into a circle 

(2) Any curve formed by the projection of a circle is a conic. 

(3) One and only one conic can be drawn through five given 
points, no four of which are collinear. 

(1) This has already been proved in Theorem 3, p. 11, because 
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the homographic transformation there chosen is identical with the 
tiansformation established for conical projection on p 42 

(2) If we apply the transformation x = • V — to the general 

equation of a circle x 2 + y 2 + 2gr + 2fy+ c=0, we obtain 

a 2 £ 2 + b"rf + ‘2ga^{i] + a) + 2/6ij(ij + a) +c(rj + a) 2 =0, 

which is of the second degree, and is therefore a conic 

(3) The general equation of the second degree contains five 
independent constants, which enter linear] v , they can therefore be 
chosen so as to make the curve pass through five given points, 
and this, in only one way, if no four of the points are colhnear. 

QE D 


Corollary. (I) Any curve formed bv the projection of a conic is a 
conic 

(2) The degree of any curie is unaltered bv projection 
Although in actual applications it is unnecessary to supply the 
analvsis which is tbe actual justification of the process jet the 
readti mav obtain a dealer idea of v hat is happening if some 
examples of the analytical working are given We shall use the 
notation of Fig 19 


Example 1. Lines which intersect on the vanishing line project 
into paiallel lines 

The \an 19 hmg line AC is y — b , am s\ stein of lines intersecting 
on y = b may be written pr + qq p \(y -b) — 0 wheie \ v aneR 

Putting x= , y- —' 1 - , we obtain 
b y+a y+a 

pa£ + qh>j - Xdb = 0, 

which represents a system of parallel lines, when A. varies 


Example 2. A system of concentric circles project into a system 
of conics having double contact with each other, and the lino at 
mfinitv piojects into the chord of contact 

Any circle of the system can be lepresented by 
(^-/) 2 + (y-ff) 2 -r a = 0, 
where /, g are constant and r v arms 
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Therefore its projection is 

[<*£ -Ay + a )f + -?(»? + «)]* - r*(ij + o) 8 =o. 

This represents a system of comes touching each other at their 
meets with rj+a= 0, which is the projection of the line at infinity. 


EXERCISE III. b« 


1. Show that a system of comos having double edntact with eaoh 
other at two fired points E, F can be projected into a system of con- 
centric circles, and that m this case EF is projected into the line at 
infinity 


j^Take EF as y - 6 = 0, write the conics in the form 
px 1 +2qxy + ry a -\(y -6)2 = 0, 


and use x — 


aj-cy 
i) +a ’ 


y 


±l1 

i)+a J 


2. With the data of No 1, show that the projection is real if and only 
if pr - q- is positive, and that this requires that E and F should be 
imaginary 

3. Show that a system of conics through four fixed points can be 
projected into a system of loaxal circles 

[Take the conics in the form px 2 + 2 qxy + ry 2 + \(y - b)(Ix + my + 1 ) = 0, 
where X vanes ] 


4 . If a conic touohes the vanishing line, prove that ite projection is a 
parabola 

5. Prove that a system of conic3 having the same focus and directrix 
oau be projected into a system of concentric circles 

bx _ tfy 


8. If the conical projection is chosen so that {=- 


y-b' v y -6’ 

that any come passing through {/, 6) and ( -/, b) in the x, y plane projects 
into a circle. 


show 


7. Find the relations for a conical projection such that both 

2x 2 + 3y 2 = 20 and x 2 = 2 y 
project into circles [Use No 6 ] 

8 . Repeat No 7 for the conics x 2 -2y + l=0, 2x 2 - y 2 = 2y - 1, and 
•how that the circlee obtained are concentric. [Use No 6] 

9. (i) Ox, O y, O z are three mutually perpendicular axes of reference 
any plane cuts them in A, B, C, and I 3 is a point m this plane whose 
areal coordinates referred to A ABC are £, ij, i • if the coordinates of 
P referred to Ox, O y, Oz are x, y, z, and if OA = a, OB =b, OC =c, prove 
that x=o£, y =6ij, x=cf. 
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(2) If any other plane cute Ox, Oy, Oz at A', B', C', and if P' « the 
projection of P w r t O on this plane, and if £ , v , (*' are the areal eo 
ordinates of P wrt AABC, and if OA =a\ OB =b , OC=c, 
prove that t y t 

a' 1, h' c' 

-I T“ V 
a b c 


10. (l) If With the notation of No 9(1), P, is the projection of P 
ff rt, O on the plane r = l,and if a—b — c~ 1, show that the coordinates 

of Pj are (X,, Y,, 1), where — * 

(u) What is the connection between the curve z 2 + y s = l (Cartesians) 
and f 2 + »j 2 =f a (areals) ? 

(m) What is the connection between the curve fix, y, 1) =0 (Cartesians) 
and /(|, 7), f) = d (areals) ? 



CHAPTER IV 

THE CONIC 

The discovery of the com© is attributed to Menoechmus (350 
330 b.c.), a disciple of Plato, and was employed by him to solve the 
famous Delian problem, the Duplication of the Cube , but his 
researches were very limited, being probably restricted to the barest 
elements of the parabola y* = ax and the rectangular hyperbola 
xy — c a , with its asymptotes The earliest writer known to have 
regarded the conic as a section of a cone was Aristaeus (330 b.c ) , 
while the first systematic treatment was given bv Euclid (323 
284 b c.) in a book now lost This formed the basis of the famous 
K an tad of Apollonius (247 2(l r > p. < ), which gamed him among the 
ancients the title of the “ Great Geometer ” Tt contains a remark 
ably complete account of the non focal propeitits of the conic, its 
conjugate diameters and asymptotes, and includes the harmonic 
property of the pole and polar for the case in which the pole lies 
outside the curve — a theorem which was completed only after the 
lapse of eighteen centuries by Desargues The sense of Continuity 
which Kepler had introduced, illustrated, for example, by his view 
that the parabola has a centre which is a point at infinity, was 
developed by the genius of Desargues By using the idea of the 
fine at infinity and the cognate notion of parallelism, he showed that 
the asymptotes could be regarded as tangents at infinity, the centre 
as the pole of the line at infinity, and conjugate diameters as a special 
case of conjugate lines to him is also due the harmonic theory of 
the quadrangle inscribed m a conic. 

46 
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The principal value of the process of projection is the link it 
supplies between a circle and a conic, thus affording a rapid means 
of generalising a large group of properties of the circle by transmit 
ting them to the conic Much of the power of this method is due to 
the cross ratio theory of the conic which is identified with the name 
of the famous French geometer, Chasles (1793 1880) It is remark 
able that the fundamental theorem (Theorem 30), which is a simple 
deduction from Pappus’ theoiem (p 99) and Apollonius theorem 
on the cross ratio of four coneuirent lines should have remained 
unnoticed for another two thousand jiais The method adopted 
in the present chapter is due to t basics 

We started by defining tho eome as any curve represented by an 
equation of the second degree (p r >) Wt then proved (Theorem 
24 p 42) that any conic can be ngaided as the projection of a 
circle, and that the projection of any cuth is a conic We shall 
now examine different types of projection, ti eating the conic as the 
piojcction of a gnen circle 

There are three kinds of conics 

(1) The conic is called a hi/pcrboht if tin line at infinity cuts it at 
real distinct points 

For a real vertex of projection this case is obtained by choosing 
a line which cuts the generating ciulc at real distinct points as the 
vanishing line 

(2) The conn is called a parabola if the lin< at infinity touches the 
conn 

For a real \eitex of projection this case is obtains 1 by choosing 
a tangent to the generating circle as th< \anishmg line 

(°>) The conic is called an ellipse if the line at infinity cuts the conic 
at imaginary distinct points 

For a real vertex of projection this case is obtained by choosing 
a line which cuts the generating circle at imaginary distinct points 
is vanishing line 

These definitions may be put more concretely as follows 

Imagine a cone whose base is a circle and vertex O , let a 
ilanc L cut the cone , then the curve in which the cone cuts L is 


i conic 
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H the plane through O, parallel to L, meets the base -circle in 
imaginary points (Fig. 20), the oonio is & closed curve, and is called 
an elhp&t, 

II fee plane through O, parallel to L, touches the base-circle, the 
conic is an open curve with one branch, and is called a parabola. 



FIG 20 


If the plane through O, parallel to L, meets the base circle at real 
points, the conic is an open curve with two branches (one on each 
half of the double-cone), and is called a hyperbola 

For convenience of reference we shall repeat certain definitions 
which have already been given with Bpecial reference to the ellipse 
but hold generally. 

Definition. If a variable line is drawn through a fixed point P 
meeting a fixed come h at H, K, and if Q is the harmonic conjugate 
of P w.r.t. H, K, then the locus of Q, is called the polar of Part ! 
and P is called the pole of the locus of Q 

Theorem 26. (1) If the conic T is the projection of the circle o- 
any pole and polar w.dt S is the projection of a pole and polar 
■w.r.t c r. 

(2) The polar of a point Pwr.ta conic 2 is a straight Line which 
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passes through the points of contact, real or imaginary, of the 
tangent* from P to S. 

(1) Thte is true because the projection of a harmonic range is a 
harmomo range. 

(2) Since the polar of a point w r t. a circle is a straight line, it 
must also by projection be a straight line for a conic. Further, if a 
line through P is drawn to touch the come at H, by definition the 
point on PH which belongs to the polar locus is H, if we regard the 
tangent as the limit of a secant If P lies inside the conic H is 
imaginary, but the argument, expressed analytically, remains valid. 

QED. 

Theorem 26. (1) If the polar of a point P w r t a conic passes 

through Q, then the polar of Q passes through P 

(2) If the pole of a line p lies on a line 5, then the pole of q hes 
on p. 

This follows at once by projection from a circle 

Definitions. 

(1) Two points such that the polar of either w r t a conic passes 
thiough the other aie called conjugate points w r t the come 

(2) Two lines such that the pole of uthei w r t a conic lies on the 
other are called conjugate lines w r t the conic If two chords of a 
conic aie conjugate lines, the\ are called conjugate chords of the 
tonic 

(3) If A, B, C are the poles of the sides of the triangle PQ.R wrt. 
a conic, the tuangks ABC, PQR are called conjugate triangles 
wrt the conic 

f4) If the vertices of a triangle are the poles of the opposite sides 
wrt a conic, the tuangle is calh d a self-conjugate triangle wi.t. 

the come 

^Theorem 27 Two conjugate lines intersecting at a point T ■anfe 
harmnnicaily conjugate to the tangents fioni_T-to-the conic 

Convefsztyi two lines which arc harmonically conjugate to the 
tangents from a point T to a conn are conjugate lines w r t the conic 

Tins follows at once by projection from a circle, or may be deduced 
from Theorem 26. 

D p a. 


D 
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ijjeormn 88. The cros3-ratio of the range formed by four co [linear 
points is equal to the cross-ratio of the pencil formed by their polars 
w.r.t. any oonic. 

This follows at once by projection from a circle. 

* Theolem 89. T is the pole of a chord AB of a conic ; the tangent 
at any other point C meets TA, TB, AB at H, K, D ; then ’,HK ; CD} 
i» harmonio. 



Let TC out AB at Q. 

The polar of T passes through D, therefore the polar of D passes 
through T ; but the polar of D passes through C. and is therefore TC 
;. [AB; QD’, is harmonic, and so T !AB ; Q,D( is harmonic. 

'. [HK ; CD! is harmonic Q.E.D. • 


EXERCISE IV. a. 


1. P, Q, are two conjugate points wrt a conic , R is the pole of 
PQ. prove that PQR is a self conjugate tnangle 
What is the dual theorem 1 


*2. A variable chord PQ of a conic passes through a fixed point , 
prove ihat the tangents at P, Q, meet on a fixed line 

yjt, T is a variable point on a fixed line ; TA. TB are the tangents to 
a given oonio ; prove that AB passes through a fixed point 


THB CONIC 


51 


n ] 


a given point on the base BC of a fixed triangle ABO ; prove 
that the polar of D w r t a variable conic touching AB, AC at B, C is a 
fixed lipA ’ " 

is the pole of a chord PQ of a conic , if the portion of another 
tangent intercepted by TP, TQ is bisected at its point of contact, pr D ve 
that it is parallel to PQ r f ove 

is a fixed chord of a oomo , P is a variable point on the conic 
prove that the harmomo conjugate of the tangent at P w r t PQ, PR 
passejr through a fixed point 

'* The hypotenuse BC of a right angled triangle ABC cuts a cnmo 
at H , K , fi B is the pole of AC, prove that AC bisects _ HAK 

f 8 r4R is a self conjugate triangle wrt a ionic, with P inside the 
<*>nV P ri>Te that the churd trough P parallel to QR is bisected at p 

OA, OB are two chords of a conic equally inclined to the tangent 

lO , prove that the pole of AB lies on the normal at 0 

10 T is the pole of a chord PQ of a come , the bisector of L PTQ 
meets PQ at H , RS is any choul through H , prove that TH bisects 
the ariglocRTS 

ll^BCD is a quadrangle AB, CD meet at E AC. BD meet at g , 
pmve that a conic touching AD, BC at A, B and passing through G will 
touch Eflr 

T2 Three conics are drawn through a common point D to touch 
AB, AC at B, C , BC, BA at C. A CA CB at A, B , prove that the 
ta-mtmta at n to 1 , be c/mx.s meet BC, CA, .AB jespectir elv in three 
colhnear points 


o tangents to a conic at A, B meet at light angles at D , the 
any other point P meets AB, AD at Q, R , prove that qr 
0Q, 


13 

tanj^nt 
bisects JP DQ 

14 Jjfis the pole of a chord PQ of a conic , the bisei tor of £ PTQ 
meets PQ at H , prove that the pole of any other chord through H lies 
on the other bisector of z. PTQ 


15 B, C are conjugate points wrt i conic S , P is any point on S , 
BP, CP cut S again at Q, R , proto that QR passes through the pole 
of BC 


IflC-AC. BD are chords of a come such that the pole N of AC lice 
on BD AD meets the tangent at B in L , AB meets the tangent at D 
m M , prove that L M,N are coll incur 

17 The tangent at a point P on the circle whose diameter is the minor 
axis of an ellipse cuts the ellipse at Q, R , the tangents at Q, R meet 
in T , prove that PT is parallel to the major axis 

18 A variable plane through a fixed line L cuts a fixed cone in the 
omc <r ; prove that the locus of the p de of L w r t a is a straight lme. 
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Theorem 80- [Chaeles’ Theorem.] A, B, C, D are four fixed 
points on a oonio ; a, ft, c, d are the tangents to the conio at these 
points, P is a variable point on the oonic ; / is a variable tangent 
to the oonio. Then the cross-ratio of the pencil PfABCDl is constant, 
and the cross-ratio of the range t {abed} is constant, and the values 
of these two oross-ratios are equal. 



Regard the oonic as the projection of a circle and denote by dashes 
corresponding points in the plane of the circle': the latter is not 
shown in the figure. 

Let T be the point of contact of t with the conic. 

In the piano of the circle, the pencils P'jA'B'C'D'}, T'{A'B'C'D't 
are equiangular, i.e. corresponding angles are either equal or^jupple- 
mentary ; therefore the pencils are equicroas. 

P{ABCD! =T[ABCD) ; 

PjABCD} is of constant ratio. Q.E.D. 

Again, the pole of TA is the meet of I, a, i.e. the point to. 

.'. by Theorem 28, the range ({abed} is equieross with the pencil 
T{ABCD} = PJABCD; = constant. Q.E.D. 

Definitions. 

(1) If A, B, C, D are four points on a conic such that PjABCD! > s 
harmonic, where P is any other point on the conic, then A, B, C, D 

are called a harmonic system of points on the oonic. 
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(2) If a, b, c, d are four tangents to a oqmo such that p{akd\ is a 
harmonic range, where p is any other tangent to the conic, then ' 
a, b, c, d are called a harmonic system of tangents to the como. 

Theorem 31. (1) If AC, BD are conjugate chords of a conic, then 
A, B, C, D form a harmomo system of points on the conic. 

(2) Conversely, if A, B, C, D form a harmonic system of points 
on the conic, then AC, BD are conjugate chords of the como. 



(1) Let the tangent at A meet BD at T and let P be any point on 
the conic. Then the pole of AC lies both on BD and AT, and is 
therefore T 

{TBED} is harmonic. 

P1ABCD) =A{ABCD) =AiTBED} , 

.. P(A BCD 1 is harmonic. Q E.D. 

(2) With the same construction, we have 

PiABcd}=A{Abcd}=a;tbedj. 

But P{ABCD) is harmonic , ' (TBED) is harmonic 

the polar of T passes through E, hut it also passes through A, 
and is therefore EA. 

T is the pole of AC, but T lies on BD. 

AC, BD are conjugate chords. 


Q.E.D. 
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Notes on Method. The .following considerations wiB "often suggest 
a way in which to look for the solution of a given problem, but the 
application of some of the following remarks will not be understood 
until a further portion of the chapter has been read. 

(i) If P, Q, R are coDinear points, and if it is required to prove 
that PQ — QR, it may be simplest to show that { PQR» } is harmonic, 
where <x> denotes the point at infinity on PQ ; and more generally 
PQ 

— B is constant if (PQRx ) is of oonst&nt cross-ratio ; and 

QK 

PO PR 

PQ.PS = PR a or = if {QPRoo } = {RPS» }. 

(ii) To prove two or more lines parallel, it may be useful to employ 
the idea that they ooncur at a point at infini ty or that their poles 
w.r.t. some conic lie on a diameter. 


(ili) To prove a range is harmonic, it is sometimes possible to 
connect it by a pencil with a harmonic Bystem of points on a oonic, 
which are formed by any two conjugate chords. 

(iv) For properties of asymptotes of a hyperbola, draw the 
generalised figure in which the asymptotes appear as tangents with 
the line at infinity as the chord of contact. 

Similarly the generalised figure of a parabola is a oonic touching 
a straight line which corresponds to the line at infinity. 

These generalised figures may be regarded as projections of the 


aotual figure with the line at infinity projected into a finite line. If 
Jho,jjjoj>erty is of a projective nature, the new figure indicates a 
(general theorem of which the given property is a particular case. 
But the general theorem may be easier to establish, bpeauso tho 


irrelevant details of the figure have been removed. * 


/ EXERCISE IV. b. 

WP, Q, ate two conjugate point* w.r.t. a conic; prove t 
from P,/Q to the conic form a harmonic system ol 


it the tangents 
agents to the 


iBC is a triangle inscribed in a oonic ; a chord PQ meets BC, 
at L, M, N i the tangent at P meets BC at T ; prove that 


{TLBC}={PONM}. 
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Jt. PQ, .fQ’are two chords of a conic equally inclined to thesncrnnal 
jfliord PP tt-'P'; prove that P Q, p' Q are harmonically oonjugate w.r.t. 
p'P arid tUetgiigent at P'. 

the pole of a chord BC of a conic ; OQP is a line cutting 
at P, Q ; BA is a chord parallel to OP ; prove that AC bisects 


PQ. 


’• / 


SwjfP'. QQ' are conjugate chords of a conic ; a line through P 
aM to the tangent at Q cuts QQ', QP' at H, K ; prove that 


para. 

PH=HK. 


ABODE are fiv 


A{BCDE} - 


) points on a given circle , prove that 
BC. DE 
“BE. DC' 

Vfc'PP', QQ' are conjugate chords of a conic ; a line through P' 
paralfW to QQ' cuts the conic at R ; PR cuts QQ' at H , prove that 
QH = HQ'. 

vfg ABC is a triangle inscribed in a come ; T is the pole of AB ; any 
line through T cuts BC, AC at M, N ; prove that M, N are conjugate 
pomtsift.r.t. the conic. 


VPQ 


_ PQ is a chord of a come ; O IS any point on PQ ; M is any point 
An the polar MN of O . a parallel through O to MQ tuts MP, MN at 
A prove that OB =BA. 


7 

lV OP, OP' arc two chords of a come equallj inclined to the chord 
OB ; OA is the chord perpendicular to OB , prove that PP 1 passes 
through the pole of AB. 

11. T is the pole of a choid MN of a conic ; a chord PQ of the conio 
parallel to TN meets TM, MN at H, R ; pro\e that HR ! = HP - HQ. 

12<PQ i£ a chord of a conic bisecting another chord AB at O ; the 
tangents at P, Q meet AB at S, T ; prove that AS =BT. 


a conic touches the sides of a quadii lateral. Deduce from 
Clfasles’ Theorem a property by taking the variable tangent as coinciding 
successively with the sides of the quadrilateral 

14. Two parallel tangents touoh a conic at P, P' ; two other tangents 
cut them, at Q, Q,' and R, R' ; prove that PQ . PQ' =PR . P^R*. [Use 
the idea of No. 13.] 

*45. T is the pole of a chord MN of a conic ; any line cuts the conic 
at P ls P 2 and TM, TN, MN at Q, v Q, 2 , R ; prove that 

f*miPiP a R} = {RPiP 8 Q a }» 

(iiVQjPi - P a R RQa- - Q*P* * PjR * RQi- 
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18. A C.D.P are five points on a conic ; a, 0, 7, 6 are the lengths 
of the perpendiculars from P to AB, BC, CD. D A ; prove that 

a . 7 AB . CD . 


P{ABCD}= 


#} ■ 5 AD . CB 


hence prove Pappus’ theorem that if A, B, C, D are fixed and if P varies 
is cpfistant. 

0 ' K/ 

Xw [Desargues' Theorem.] ABCD is a quadrangle inscribed in a 
conic ; a line cuts the conic at P, P' and AD, BC, AC, BD at Q, Q/, 
R, IT ; prove that {PQRP'i-={PR'Q'P') = (P , Cl'R'P). 


18. ABC, PQR are two triangles inscribed in a conic ; PQ, PR cut 
BC at Q,', R' ; AB, AC cut QR at B\ C' ; prove that 
(RB'C'Qi = (R’BCQ,'). 


Central Properties. When a circle Y is projected into a conic a-, 
the pole of the vanishing line w.r.t. Y is projected into the pole of 
the line at infinity w.r.t. tr. 

Theorem 82. If C is the pole of the line at infinity w.r.t. a conic, 
then every chord through C is bisected at C. 



Let HCK be any chord meeting the line at infinity at the ideal 
point Y. Then (HCKY) is harmonic 

/. HC=CK. Q.E.D. 

Note. Ideal elements in a figure will always be represented by dots. 
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Definitions. 

(1) The pole of the lme at infinity w r.t a come is called the 
oentre of the conic 

(2) Any chord through the centre of a conic is called a diameter. 

(3) The tangents to a conic from its centre are called the 
asymptotes of the conic. 

(4) Conjugate lines through the centre of a conic are called 

comugate diameters. 

(5) A chord of a conic which is conjugate to a diameter is called 
a double ordinate to that diameter 

(6) A hyperbola, whose asymptotes are at right angles, is called 

a rectangular hyperbola. 

Theorem 33. The mid-points of a system of parallel chords of a 
come he on a diameter. 


H 



Fid J6 

Let HK be any one of the s) stem of parallel chords, which concur 
at the fixed ideal point « , let V be the mid point of HK 
Since {HVKa} is harmonic, the polar of a passes through V 
'. V hes on a fixed hne, viz the polar of a, which is a diameter 
since a is a point on the hne at infiinty. Q E.P. 
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Theorem 34. (1) If PCP", DCD' are two conjugate diameters of 
a conic, then -PCP' bisectB all chords parallel to DCD'. 

(2) If HK is any double ordinate to PCP' meeting it at N, then 
HK is bisected at N and is pa nil cl to the tangents at P, P' to thB oonic 
and to DCD'. 



(1) Let PCP', DCD' meet the line at infinity at ft, y. Let HK be 
any chord parallel to DCD' ; it therefore passes through y 

Now C/3 contains the pole C of /jy ; therefore /3 y contains the pole 
of C/3 ; but by hypothesis Cy contains the pole of C/3. 

y is the pole of C/3 ; 

(HNKy) is harmonic, and so HN = NK. Q.E.D. 

(2) Let any line through y, the pole of C/3 or CP, cut the conic 
at H, K j then HK is a double ordinate to CP. But by (1), HK is 
bisected by CP. 

Further, since y is the pole of PP', yP and yP' are the tangents at 
P and P'. Therefore HK, CD and the tangents at P, P' concur at 
the ideal point y, and are therefore parallel. Q.E.D. 

Definition. If the chord HK is a double ordinate to the diameter 
PP' and outs it at N, then HN is called the ordinate from H to PP*. 
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EXERCISE IV. c. 

1. Prove by projection that the centre ol a oomc is mside, on, or 
Sutside the ourve according as the oomc is an ellipse, parabola or hyper 
bola What can you say about the asymptotes of the three types of 
oonloa'f 

^9; If two choids of a conic bisect each t other, prove that each must be 
a diameter 

is the pole of a chord PQ of a conic , R is the mid poult of 
pft , prove that TR passes through the centre of the conic 

4/The tangents at two points P, Q are parallel , prove that PQ is a 
diameter 

y/h. PP' is a diameter of a conic, Q is any point on the curve ; prove 
that PQ-QP' are parallel to a pair of conjugate diameters. 

«_PCP is a diameter of a conio, centre C ; QV is the ordinate from 
any point Q on the ourvo to PP' ; the tangent at Q meets CP at T ; prove 
that cy. CT^P 1 

lyQV ie the ordmate from a point ft on a come to a diameter PP' , 
a line through P parallel to the tangent at ft cuts ftV, ftp' at H, K , 
prove that PH = H K % 

PP' is a diameter of a conic , the tangent at any point R meets 
the tangent at P m N , P'R meets PN at ft , prove that PN = NQ 
(fyThy normal QR at a point Q on a conic is an ordmate to the 
diameter PP , piove that ftR bisects ^PQ,P' 

is a double ordinate to the diameter PP' of a conic, centre C , 
R is any other point on the curve , RQ, Rft meet PP' at L, M , prove 
that CL/CM =CP 2 

conic touches the sides BC, CA, AB of a triangle at P. ft, R , 
A is the mid point of BC , prove that ( 1 ) the pole of AA' lies on a line 
through^A parallel to BC , (u) AA , ftR and the diameter through P 
are evncurrattt 

Ut. Afi AC are two chords of a conic , the diameter (Conjugate to AB 
mwteJlC at D , P is the pole of BC , prove that PD is parallel to AB 

MrSYnm a fixed point O is drawn a variable lino cutting a given 
cSOc at P, Q , PN, ftM are the ordinates to the diameter through O , 

prove that . is constant 

/ ON OM 

1m P, ft are conjugate points w r t a conic tr , if the mid-point of 
PQ lies on < 7 , prove that PQ, is parallel to an asymptote of tr 
' Ifc^PQ is & fixed diameter of a conic a , D is a fixed point on cr Two 
variable chorda DH, D K cut PQ at H', K , if PH' = K'Q, prove that the 
locus of the pole of H K is a straight line 

16. P is any point on an ellipse , PQ, PR are chords outting the major 
axfe at points equidistant from the centre The tangents at ft and R 
intersect in T ; prove that PT is bisected by the min or axis 
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The Parabola. A oonie which touches the line at infinity is a 
parabola, and the oentre of the parabola, defined as the pole of the 
line at infinity, is a point at infinity, namely the point of oontaot ofc 
the parabola with the fine at infinity ; further, all diameters of a 
parabola, defined as lines through the centre, are parallel sinoe the 
centre is a point at infinity. The proof of Theorem 33 appfiee 
equally to the parabola, and we therefore see that mid-points of 
parallel chords of a parabola he on a diameter. 

Theorem 36. T is the pole of a chord PQ of a parabola ; the 
diameter through T meets the curve at V and PQ, at N ; then TV = VN 
and PN =NQ. J 



Let the parabola touch the line at infinity X at the ideal point a, 
and let PQ meet X at c. 

Sinoe PQ is the polar of T, {TVNaJ is harmonic ; 

.*. TV =VN, 

Again, sinoe the polar of T passes through e. the^polar of c, paasqf ( 
through T ; but the polar of r passes through a. 

,\ the polar of « is T a, and so {PQ ; Ne) is harmonio. 

A PN=NQ. Q.E.D. 

Rote. The locus of mid-points of chords parallel to PQ is the 
polar of t, the point at infinity on PQ. 
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EXERCISE I?, d. 

J/lf PQ is a chord of a parabola, the tangents at P, Q meet on the 
diameter hisectmg PQ, 

2 AProve that a parabola cannot have two finite parallel tangents 

3. Deduce a property of the parabola from Bnanchon’s theorem • 
if a hexagon circumscribes a conic, the three lmes joining pairs of 
opposite/vertices are concurrent 

i./C 18 the pole of a chord PQ of a conic , R is the mid point of PQ 
TR meets the curve at V , if TV = VR, prove that the conic is a parabola 

\5/A, B, C are three fixed points on a parabola , P is a variable 
pomt on the curve , PB, PC cut the diameter through A at B', C' , 

prove that is constant 

V"T is the pole of a chord H K of a parabola , any diameter cuts 
TH, TK, HK at P, Q, R and the curve at V , prove that VP VQ = VR 2 
[Let a be the pomt at infinity on the curve, and note that 

H{HVKa} = KjHVKn} ] 

VJT T is the pole of a chord PQ of a parabola , any other tangent 
out? TP, TQ at H, K , prove that HK is bisected by the tangent parallel 
to PQ, |Uso Chasles’ theorem ] 

-^/T is the pole of a chord PQ of a parabola , any diameter cutg 
TP/TQ at P', Q' and a line through T parallel to PQ at R , prove that 
P'R-RQ 

9. T is the pole of a chord PQ of a parabola . a line through P parallel 
to TQ meets the diameter through Q at R , TR meets PQ at H , prove 
thatPH=2HQ (Bisect PQ at V and prove {PH , VQf is harmonic ] 

llL-ABC is a fixed triangle circumscribing a parabola , a variable 

X Y 

tangent mefljs BC, CA, AB at X, Y, Z , prove that _ is constant. [Use 
Chasles)' theorem J * 

larT is the pole of a chord PQ of a parabola , a diameter meets PQ 
in M, the curve in B and a lino through T parallel to the tangent at B 
m N , prove that NB -BM 


i N , prove 

lLd^vanable tangent to a parabola cuts two fixed tangents at X, Y ; 
proTOthat the locus of the mid- point of XY is a straight line. 

.ytf'PQ js a chord of a parabola , any diameter tuts PQ in N, the 
* RB PN 

curve la B and the tangent at P in R , prove that 

Jy A parabola is inscribed in the given triangle ABC, touching BC 
at the given pomt D , construct its point of contact with AB 

15.VA chord PQ of a parabola cuts the axis m R . the tangents at 
P and Q intersect in T , prove that RT is bisected by the tangent at 
the vertex 
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The Hyperbola. Since the centre is the pole of the line at infinity 
the asymptotes are the lines joining the centre to the point® of inter- 
section of the curve with the line at infinity. Consequently an 
ellipse has two imaginary asymptotes, a hyperbola has two real 
asymptotes, and in the oase of a parabola eaoh asymptote coincides 
Srith the line at infinity. If the oonic is the projection of a circle, 
the asymptotes are the projections of the tangents to the circle at 
Its points of intersection with the vanishing lme. 

Theorem 86. Any two conjugate diameters of a hyperbola are 
harmonically oonjugate to the asymptotes. 

Conversely, any two lines harmonically conjugate to the asymptotes 
»>-e oonjugate diameters. 



This is merely a special case of Tboorem 27, p. 49. 

Theorem 37, If a tangent at any point P of a hyperbola meets 
the asymptotes at H, K, then HP = PK. 

This iB merely a special case of Theorem 29, p. 50. 

Corollary. If a chord QR of a hyperbola is produced to cut the 
asymptotes at ft', R', then QQ' = RR'. 

If in Fig. 28, HPK is parallel to QR. CP produced biseots QR 

and Q'R', 



THE CONIC 


63 


iv-3 

Theorem 88. Conjugate diameters of a rectangular hyperbola 
are equally inolined to the asymptotes. 

By Theorem 36, they are harmonically conjugate 4b the 
asymptotes ; but the asymptotes are at right angles. 

Therefore they are equally inclined to the asymptotes. Q.E.D. 

Theorem 89. If a variable tangent to a hyperbola, centre C, cuts 
the asymptotes at P, P', then CP . CP' is constant. 



Let /?, y be the ideal points on the hyperbola, so that Cf3, Cy are 
tangents. Draw any other tangent cutting the asymptotes at Q., Q,'. 

Sinoe by Chasles’ theorem PP', QQ' and tangents very close to 
C/3, Cy cut off on Cf3, Cy equirross ranges, we have in the limit 
{CP/fQl - [yP'CQ'S ; 

CP. /?Q = yP\CQ'. /3 Q , 

CQ. /3P yQ'.CP" /IP yQ' ’ 

••• or cp.cp-CQ.ca'. 

.'. CP . CP' is constant. Q.E.D. 

Corollary. A variable tangent to a hyperbola makes with the 
asymptotes a triangle of constant area. 
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EXERCISE 17. e. 

l.^P^ve that each asymptote of a hyperbola is a self conjugate 


diameter. 


is the pole of a chord PQ, of a hyperbola , a line through T 
parSTlel ter an asymptote cuts the curve at H and PQ, at R , prove that 

TH = Hfy 

Xf'P' is a diameter of a rectangular hyperbola ; Q is any point on 
the curve. ; prove that PQ. P Q are equally inclined to each asymptote 

4V1 is the pole of a chord HK of a hyperbola , TH, TK, HK meet 
one asymptote at P, Q, R , prove that Pf5| = RQ 

\A, B, C are three fixed points on a hyperbola , P m a variable 
point on the curve , PB, PC meet the line through A parallel to one 
, AB 7 

asymptote at B , C' , prove that - , is constant 
y AG 

line meets the asymptotes of a hyperbola in R, R' and a pair of 
conjugate diameters in K, K , if O is the mid point of RR', prove that 

OR* =OK OK' 


7. T is the pole of a chord MN of a hyperbola , any straight line 
parallel to one asymptote cuts TM, TN, MN at P, Q, R and the curve 
at B , prove that BP BQ =BR‘ 

8. P, Q are two points on a hvpeibola centre C , line® through P 
parallel to the asymptotes cut CQ at H, K, prove that CH CK-CQ 

9. A. B are two fixed points on a hyperbola , P is a variable point 
on the curve . PA, PB meet one asymptote at A , B prove that A B 
is of constant length 

10 PP' is any diameter of a hyperbola , any chord P Q meets the 
lines through P parallel to the asymptote at R, T , piov^fciat RQ = QT 
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THE QUADRANGLE AND QUADRILATERAL. 

Theorem 40. If a system nf conics circumscribe a given quad- 
rangle, the diagonal point triangle is a self-conjugate triangle w.r.t. 
each conic of the system. 



The proof is identical with that employed for the corresponding 
property ie circle. (See Modern Geometry, p. 102.) 

Bv the narmonic theory of a quadrangle, (GCHD) and )GBKA} 
are harmonic 

the polar of G passes thiough H and K ; 
the polai of G is HK or EF. 

Similarly, the polar of F is EG. 

EFG is a self-conjugate triangle 


D.P.O. 


E 
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Theorem 41. If a system of conics is inscribed in a given quadri- 
lateral, the diagonal line triangle is a self -conjugate triangl^pr.T.t, 
each oonic of the system. 



The proof is identical with that employed for the corresponding 
property of the circle. (See Modern Geometry, p. 103.) 

Theorem 42. If a quadrangle is inscribed in a c<£k, and if a 
quadrilateral is formed by drawing the tangents at its vertices, then 
the diagonal line triangle of the quadrilateral coincides with the 
diagonal point triangle of the quadrangle. 

The proof is identical with that employed for the corresponding 
property of the circle. 
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EXERCISE IV. f. 


V^BCD is a given quadrilateral , a variable oomo touches AB, AD 
it BID and cuts BC, DC again at H, K , prove that H K cuts BD a 
jxed point 

2. A^variable conic passes through four fixed points ; prove that ttre 
.anSgmte at these points meet on fixed lines 


r 3. O is any point inside the triangle ABC , AO, BO, CO meet |3C, 
HA AB at D, E, F , prove that DEF is a self conjugate triangle w r t 
my c.onip'thruugh A, B. C, O 


4.Wwo chords AB, CD of a conic intersect at O , P, Q «re the pflles 
if AD, BC ; prove that P, 0, Q are collinear. 

Deduce a special result by taking BC as the line at infinity 

6.\fHven a conic, show how to construct, with the nse of a ruler oplJi 
he polar of a given point. 

9*Given a conic, construct with the use of al-uler only the pole pf a 
;iven line 


7. Two variable chords PQ, RS of a given conic meet at a fixed ppmt 

1 1 

5 , a fixed line through 0 c uts PS, OR at L, M , prove that .. +q^ 
s constant, taking account of the sense of the hues tJL 


8. T is the pole of a clnud HK of a hyperbola, centre C, TH, TK 
neet one asymptote at Q, R and the other at Q , R' , prove that CJR- 
3,'R, HK are parallel 

9. Straight lines are drawn parallel to the asymptotes of a hyperP°ia 
hrough the mid pouit V if a chord PP' and meet the curve at Q, ft > 
ir i\e that QQ/ is parallel to PP' 

10. A, B awe two fixed points , PAQ is a variable chord of a gjven 
ionic , BP, FtQ meet the ram again at P , Q' , piuve that P Q' passes 
.hrough a faxed point 

11. By taking one side of the circumsi nbing quadrilateral ill TheorerP 42 
is the line at infinity, prove the following theorem 

Through the vertices of a triangle PQR circumscribing a parabola- 
mes are drawn parallel to the opp -site sides forming a triangle P QR • 
then P ft'R ls a self < injugate triangle w r t the jiarabola, and U |e 
diameters through P , ft', R' meet the curve at its points of contact 
with Q1L. RP, PQ 

a variable conic passes through a fixed point A and has a 
K?lf conjugate triangle PQR, prove that it passes through three other 
lived points B, C, D and that PQR is the diagonal pouit triangle of 
(uadrangle ABCD 

/hat is the dual theorem ? 
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Theorem 43. A, B, C, D are lour fixed points, no three of Vhirfi 
are oollinear ; P is a variable point suet that P JABCD ) is oons^^ . 
then the locus of P is a conic through A, B, C, D. 



Let Q, be any other position of P. Draw a conic through P, a B 
C,, D [Theorem 24 (3), p. 42]. and if it does not pass throu^ q 
let its other meet with AQ, he Q/. 

Then Q{ABCD1 = F{ABCD}, given, 

= Q'(ABCD}, Ch&sles’ theorem. 

But QIABCD ( and Q'iABCD} have a common corresponding r£ ^ 
therefore B, C, D are eollinear, which is contrary to hypothesis 
the locus of Q, is the come tiirough P, A, B, C, W Q,E p 
Note. This theorem, which is the converse of Chasles’ theorem i nlHS 
be stated in another form, which is more often useful in rider ^ork 
H, K are two fixed points ; HP t , HP 2 . HP 3 , ... and KP,, KP a . Kb 
are two pencils of lines through H, K meeting at P,, P 2 , P 
If the eroes ratio of every four rays of the first pencil is eqi [ft ] .. 
the cross-ratio of the four corresponding rays of the second p wcl | 
then the points P,, P,, P 3 , ... lie on a come through H, K. 

To prove the dual theorem, we shall assume that one and 0(1 ;. 
one conic can he drawn to touch five given lines, no three of Vhich 
are concurrent. This may bo established analytically, by uain^ |, ri! . 
coordinates. 
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Theorem 44. a, 6, c, d are four fixed lines, no three of which are 
icmcurrent; p is a variable line' such that p {abed} is constant; 
,hen the envelope of p is a conic touching a, b, c, d. 



Fio S3 


Let q be any other position of p. Draw a conio touching 
p, a, b, c, d, and if it does not touch q, let the other tangent from 
a q be q'. 

Then q {abed} =p {abed}, given. 

= q' {abed}, Chasles’ theorem. 

But q {abed}, q' {abed] have a common corresponding poult ; there- 
fore b, c, d aro concurrent, which is contrary to hypothesis 

the envelope of q is the conic touching p, a, b, c, d. Q.E.D. 

Note. This theorem may be stated in another form, which is 
more often useful in rider work : 

h, k are two fixed lines ; kp x , hp., hp s , ... and kp v kp s , kp a ,... are 
two ranges of points on h, k, whose joins are p lt p v p,, . . If the 
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cross ratio of every four points of the first range is equal to the cross- 
ratio of the four corresponding points of the second range, then the 
lines pj, pj, p. it ... onvelope a conic touching h, k. 

Theorem 44, being the dual of Theorem 43, t.s proved in a pnttsdy 
similar manner, merely making the verbal changes which the Principle 
of Duality requires, both in the figure and m the argument. In future 
we shall not write out dual proofs of this kind, as the process is 
mechanical. 

Theorem 45. A, B are two fixed points , P is a variable point 
such that PA, PB are conjugate pStetiw.r t a fixed conic . then tho 
locus pf P is a conic through A, B. 



Draw any line AP t through A, and let A l be its pole 
Join BA X and produce it to meet AP, at P, , then AP,, BF\ are 
one pair of conjugate lines , similarly construot any number of other 
pairs of conjugate lines AP 2 , BA 2 P 2 ; AP 3 , BA 3 P 3 ; 

Now, since the polar of A t passes through A, the polar of A 
passes through A t , similarly the polar of A passes through A 2 , 

Aj, . 

all the points A,, A t , A 3 , lie on the polar l of A. 
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by Theorem 28, p 50, AiP^Pa ) = .AjA-jA, } 

= B'A,A,A, } 

=*= B iP l P,P 3 } 

by Theorem 43 (the alternative foim), the locus of P is a come 
through A, B 

Corollary 1. The locus of points from wlnth the tangents to a 
central conic are at right angles is a circle, which is called the 

director circle of the conic 

In Theorem 45, take A, B as the circular points at infinity , then 
the taag®ut s from P to the conic are harmonically conjugate to 
PA, PB, which are now the isotropic hues thiough P [Theorem 27 ] 

Therefore the tangents from P to the come are at right angles 
[Theorem 1 ] 

But the locus of P is a conic through A, B, and this is a circle 
since A, B are the circular points aX infinity [Theorem 6 ] 

Corollary 2 The lotus of point* from which the tangents to a 
parabola are at right angles is a straight line (the directrix) 

If, in Theorem 45, we take A, B as the circular points at infinity 
oi, co', the line AB or <ooi , touches the parabola, and therefore AB 
is a common corresponding ray of the pencils AjP,P B , 1, 
B{P l , Pj, ), and therefore the points P,, P 2 . he on a straight line 
Further, if the other tangents from to, oi' to the parabola touch it 
at E, F, then E, F are points on the locus, and we shall Bee later 
(p 81) that EF is the directrix 

The property of the director circle was discovered by De Lahrre 
(1640 1718), who wrote on conics, epicycloids, roulettes and magic 
squares Its analogy with the dinctnx of the parabola was pointed 
out by Boscovich (1711 1787) , the name itself is due to Gaskin 
borne examples on the director circle will be found at the end of 
Chapter V , as it is better to leave them till after a discussion of the 
foci* 
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EXERCISE IV. g. 

17H HfABCD} = KfABCH}, prove that th» oomo through H, K, 
A. B, C touches HD at H. 

What id the dual theorem ? 

U^Lhe aides AB, AC of the triangle ABC are fixed in pomtiun and 
AB - AC 19 constant ; prove that BC envelopes a parabola. 

, 8 . A is the pole of a fixed chord BC of a given oonic ; a variable 
tangent to the oomo outs AB, AC at L, M ; prove that BM, CL meet on 
a fixed conio touching AB, AC at B, C. 

4. ABC is a given triangle ; P is a variable point on a fixed line 
BP, CP meet AC, AB at Q, R ; prove that QR touches a fixed conic 
Does the conic touch AB or BC or CA ? 


&A 


.XY 


A variable line L cuts the sides of a fixed triangle at X, Y, Z . 


a y 2 i» constant, prove that L envelopes a parabola. 


8. ^The sides AB, AC of a triangle are fixed in position, and BC sub- 
tends Vgiven angle at a given point ; find the envelope of BC. 

variable tangent to a conic cute two fixed tangents at P, Q, , 
O ia any fixed point ; PP' is drawn parallel to OQ ; prove that PP 
envelopjra parabola. 

\/V is a variable point on the base BC of a fixed triangle ABC ; 
Q, R are the feet of the perpendiculars from P to AB, AC- What is the 
envelope of QR ? 

9. A variable line drawn from a fixed point O cute the sides AB, AC of 
the grven triangle ABC at P, Q ; find the locus of the meet of BQ, CP 

10» X, B are two fixed points ; PQ is a segment of constant length on 
^xe« line ; prove that AP, BQ moat on a fixed hyperbola, and determine 
yche directions of its asymptotes. 

llJ^Qfe sides QR, RP, PQ of a variable triangle pass through fixed 
pointsD, E, F ; P lies on a fixed conic through E, F ; Q lies on a fixed 
conic through F, D , find the locus of R 


12. POO, PO'Q are two angles of constant magnitudes ; 0, O' are 
fixed points ; P moves on a fixed line ; prove that Q moves on a conic 
through O, O'. 

m. ABC, PQR are two triangles inscribed in a eonic ; prove that their 
rix sides touch a conic. 

[Let PQ, PR .cut BC at Q', R' and AB, AC cut QR at S', C', and 
prove {BQ'R'C} = {B'QRC').] 

1 is a variable point on a fixed line L ; A, B are two fixed point* ; 

PQ ffl a diameter of the circle ABP ; prove that the Incus of Q is a 
hyperbola whose asymptotes are perpendicular to AB and L. 
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16, A variable line passes through a fixed point ; prove that the 
lino joining its poles w r t. two given conics touches a fixed conic inscribed 
in the common self -conjugate triangle of the two conics. 

A6. A variable line moves so that its extremities lie on two fixed lines 
ami its mid-point on another fixed line ; find its envelope. 

1 17>/AP is a variable chord of a given hyperbola. A is a fixed point ; 
( line through A perpendicular to A P cuts a line through P parallel to 
in asymjitote at Q ; find the locus of Q 

The sides AB, AC of a triangle are fixed m position ; the cireum- 
centre of ABC lies on a fixed line ; prove that BC envelopes a parabola. 

19. (liven the base and the difference of the base angles of a triangle, 
wow that tho locus of the vertex is a rectangular hyperbola. 

20. ABCD is a rhombus ; prove that the locus of a point P whioh 
noves so that PA, PC are harmonically conjugate to PB, PD is the 
ellipse whose axes aie AC and BD. 

21. OBP, OAQ are the asymptotes of a conic. A, B being fixed points 
and PQ a variable tangent , prove that PA, QB will intersect on a come 
which has parallel asymptotes and passes through A, B. 

22. A variable line is drawn from a fixed point O to cut two fixed 
lines AB, AC at P, Q , prove that the locus of the mid-point of PQ, is a 
h\ perbola, having its asymptotes parallel to AB, AC. 

23. P is a variable point on a fixed lme ; the polar of P w l t. a given 
conic meets another given lme at Q ; find the envelope of PQ 

24. P, Q are conjugate points w r t a given conic ; PQ passes through 
a fixed point, and P lies on a fixed line. Find the locus of Q 

VWiat icsiilt is obtained by taking the fixed line as the line at infinity ? 

*oi6. PQR is a solf-c onjugate triangle w r.t. a given conic , P, Q lie on 
fixed linos , iind the locus of R 


26. (i) Prove that the cioas-ratio of the four lines ti~0, u-'Kv =0, 
v=0, u ~ itv =0 is 

V- 

(n) If the equations of tho lines HA, HB, HC are u=0, u-A 0 =O, 
v = 0 and the equations of H'A, H'B, H'C are u' — t), u' - 0, t/ = 0, 

and if HP, H'P are \ariable kn^s such that H{ABCP} — H'jABCP}, prove 
that the locus of P is the conic \'uv' - Au't> = 0, which passes through 
H, H'. 

[ This is an analytical proof of Theorem 43.] 



CHAPTER V 

GENERAL PROJECTION 

The oontents of this chapter summarise the application to the 
geometry of the conic of the theory of the circular points at infinity, 
first developed systematically by Poncelct, m the light of their 
connection with the foci. The existence of the real foci of a central 
como, the name of which is due to Kepler, was known to Apollonius, 
who showed that the lines joining any point on the cun e to the foci 
are equally inclined to the tangent at that point The earliest 
mention of the focus of a parabola is found in the wntings of Pappus, 
who showed that the distance of any point on each species of coruo 
from the focus is proportional to its distance from a fixed lino (the 
directrix) It ib surprising that this pioperty attracted no notice 
till Newton drew attention to it in the Prmcipia An important 
advance was made by De Lahire, a pupil of Desargucs, who showed 
that the directrix was the polar of the focus and that conjugate lines 
through the focus are at right angles 

The significance of the circular points at infinity o o' has already 
been explained , they have been defined on an anaRtical basis, and 
it is important to remember that their geometrical usage is therefore 
intelligible only in so far as it connotes an anahtical opeiation 
For convemence, we shall now enumerate the properties of o, o 
which have already been established 

(l) Every circle cuts the line at infinity at two fixed points o, o' 

(p 16) 

(n) Every come through o, o' is a circle [Theorem 6 ] 

(ui) A system of concentric circles have double contact with each 
other at o, o'. [Theorem 4 ] 
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(iv) Any pair of lines at right angles are harmonically conjugate 
to the isotropic Imes through their meet ; and, conversely, any two 
lines which are harmonically conjugate to the isotropic lints are at 
right angles, [Theorem 1.] 

(vj If two concurrent pairs of perpendicular lines are each har- 
monically conjugate to another pair of lines, that pair of lines must 
be isotropio. [Exercise II. No. 9.] 

(vi) If a variable pair of lines include a constant angle, they form 
■with the isotropic lmes through their meet a pencil of constant 
cross ratio , and, conversely, if two variable lines form with the 
isotropic lmes a pencd of constant cross- ratio, then they include a 
constant angle. [Theorem 1.] 

Theorem 46. If C is the centre of a circle, Co> and Co/ are the 
asymptotes of the circle. 

C is the pole of the line at infinity , therefore Cco, Cm' are the 
tangents to the circle at co, o>\ 

• by definition, Coi, Co/ are the asymptotes Q.E.D. 

Note. This supplies another proof of (in) above 

Theorem 47. If a come has two pairs of perpendicular conjugate 
diameters, it must be a circle 

Lot C bo the centre of the conic and P any point on the come : 
let PP 1S PPj, PP 3 , PP 4 be the double ordinates to the two pairs of 
conjugate diameters since these ordinates are perpendicular to the 
diameters, we have by congruent triangles, 

CP = CP 1 =CP l = CP J = CP 1 

. . the circle centre C, radius CP, cuts the conic at five points ; 
out only one come can be drawn through fi\ e points 

the conic must coincide with the circle. Q E.D. 

Note. This theorem may also be proved as follows • 

The asymptotes of the conic (being tangents) are harm oni pally 
conjugate to each pan- of conjugate diameters. 

by (v) above, the asymptotes must be isotropic lines, 
the come passes through &>, o/, and is therefore a circle. 

Q.E.D. 
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Theorem 18- (1) Any conic can be projected into a circle having 
the projection of any given point (not on the conic) as centre 
f2) Any oonio can be projected into a circle and at the same tune 
any given line (not touching the conic) into the line at infinity. 

(3) Any two points can be projected into at, at' 



(1) bet O be the given point and AB lte polar w rt the come , 
draw any two pairs of conjugate lines OA, OA' , OB, OB through 0 

Projoct the angles AOA , BOB into right angles and the line AE 
to infinity [Theorem 21 (2) ] 

O is therefore projected into the centre of the new conic, anc 
OA, OA , OB, 08 are projected into two pairs of pcrpendicula 
conjugate diameters 

by Theorem 47, the new conic is a circle, and the projectioi 
of 0 is its centre 

(2) let AB be the given line, then project as in (1) and th 
required result is obtained. 

(3) L*t AB be the line passing through the given points P, C 
Draw any come through P, Q, and project the cornu into a cue 
and the line AB to infinity 

Tk®** P> Q projects into the meets of a circle with the ime 
infinity, t e to, o' Q E D 
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Theorem 49. (1) If a system of comes have two common points, 
they can be projected into a system of circles 

(J) Da system of conics have four common points, they can be 
projected into a system of coaxal circles. 

(3) If a system of comes have double contact with each other at 
the same two points, they can be projected into a system of con- 
centric circles. 

(4) Any two comes can be projected into two circles 

Each of these projections is secured by projecting two common 
points of the conics into to, to 

Example. Generalise by projection the following theorem: 

If two circles tut orthogonal!} , the extremities of any diameter 
of one of the circles are conjugate points w r t the other circle 


S, 


FIQ 38 FIG 37 

Let A B be the centres of two circles Sj, S, which intersect ortho- 
gonally at C, D ; let CH, CK be the tangents at C , let PBQ, be any 
diameter of S 2 Denote by dashes corresponding points in the 
generalised figure 

S], S 2 intersect at C, D and the circular points at infinity ci,, <>i 2 , 
and may therefoie be projected into two conics S, , S/ cutting at 
C , D , o>,', tu 2 CH, CK project into the tangents C H C K' to S 2 ', S, ' 
Since -_HCK=90°, C{HK, 01,(11..' is harmonic , therefore 
C'{H'K , o>, co 2 } 

is also harmonic 

B 13 the pole of oj,oj 2 (the line at infinity) w r t S 2 , therefore B' 
ts the pole of ci/ci./ w r t S 2 ' P, Q, become the points of inter- 
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section P', Q,' of any line through B' with S 2 ', and P', Q' are conjugate 
points w.r.t. S/. 

Hence we have the new theorem (omitting the daBhes) : 

Two eonics Sj, S 2 intersect at four points C, D, op, co a ; if the 
tangents at C to Sj, S 2 are harmonically oonjugate to Coii, Cto 2 , and 
if B is the pole of oijCOj w.r t. S 2 , then any line through B is cut by 
S, in two points which are oonjugate w.r.t. Sj. 

Note. In order to acquire facility in applying the method of 
general projection, it is best first of all to practise the reverse process. 
The reader is therefore advised to do a fair proportion of the first 
18 questions in the following exercise. 


EXERCISE V, a. 

Generalise by Projection the theorems in Nos. 1-18, 

l\4f two circles touch at A, and if any line through A meets them 
again at P, Q, the tangents at P, Q are parallel. 

two circles touch each other, the lme joining their centres 
passes through the point of contact 

s.vtf two circles intersect at A, B, the line joining their centreB 
bisects AB at right angles 

4.y(f each of three circles tone hoe the other two, the tangents at the 
points of contact are concurrent. 

6pdf two circles intersect at A, B, the angle between the tangents 
at A is equal to the angle between the tangents at B. 

9*/Ana las in the same segment of a circle arc equal. 

7. pme angle in a semi-circle is a right angle 
* ylf a variable circle touches two fixed circles at P, Q,, then the 
^t^ngents/at P, Q, meet on a fixed line, the radical axis of the two circles. 

9. a variable circle touches two fixed circles, the locus of its centre 
is two conics. 

10. vrf the tangents from a variable point P to a fixed circle include 
a constant angle, the locus of P is a concentric circle. 

11. It PQ, RS are parallel chords of concentric circles, P, Q, R, S are 
concyclic.. 

12. VfBC is a fixed triangle ; if a variable circle passes "through A and 
has B, C as conjugate points, the locus of its centre is a straight line. 

„ l V If the mid point of a variable chord PQ of a circle lies on a fixed 
Wine, than PCI envelopes a parabola. 

14Wi a variable circle passes through a fixed point and touches a fixed 
line, then the envelope of the polar of another fixed point is a conic. 

State also the dual generalised theorem. 
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15 -Alme cuts two concentric ciroles, the first at A, B and the second 
at Srp r then AB, CD have the same mid point. 

IS. It a variable circle touches a given circle and cuts a given lino 
atw given angle, then it touches a second fixed circle, and the line is the 
radical axis of the (wo fixed circles 

Kjf A straight line cuts two circles at A 1( A 2 and B„ B a , and their 
' . tr . .. OA, OB., 
radical axis at O , then __ ==-— 

j Ubi Unj 

/ 18VThe angle at the centre of a circle is double the angle at the cir- 
v Icumference on the same arc 

j 1 [Use Laguerre a Theorem, p 7 , and note that 
/ coa 28 +t sin 2(1 = (cos 0 + t sin t)) 2 ] 


^ ' 19v^f three conics have one common chord, prove that their other 
'/ common, chorda are concurrent 

20 'two conics have double contact , prove that a chord of one 
which touches the other is divided harmonically by its point of contact 
and the common chord. 

21 variable conic passes through two fixed points A, B and touches 
two fixed lines , prove that the locus of the pole of AB is two straight 
lines 

22. Prove that each pair of common chords of two conics meets a 
common tangent in points winch arc harmonic conjugates w rt the 
points ofo&< m tac t 

23. “Three fixed conus have double contact with each other at the 
same two points , prove that any line touching one of them is cut by 
the others in a constant cross iati<> 

24r A, B are two fixed points oil a fixed conic , P is a variable point 
on a fixed line , PA, PB meet the conic again at R, S , find the envelope 
of RS / 

25yTwo triangles are in perspective and their six vertices lie on a 
conio S ; prove that the pole of the axis of perspective w r t S is (he 
centre of perspective 

2A<-'f r rom a fixed point O on a conic, chords OP, OP are drawn equally 
inclined to a fixed chord OA ; prove that PP passes through a fixed point. 

[If AB is the chord vvlnc h subtends a right angle at O, project A, B 
into OJy'tc ] 

v €7/ A triangle is inscribed m a conic S , two of its sides pass through 
nxM points A, B . if AB meets S at C, D, prove that the third side envelopes 
a conro, having double contact with S at C D 

QS. Two conics hvvo double contact at A, B , prove that the polars 
of anw-jfiven point wrt the conira meet on AB 

J K. ABC fit a triangle inscribed m a conic ; prove that the tangents at 
the vertices meet the opposite sides in three collmear points. [If the 

points are P, Q. R, project the conic into a circle and PQ, to infinity ] 
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H, K are the pole* of two chorda PQ, R8 of a conic ; prove that 
P, Q, R, S lie on a oonic. 

A variable Conic touches two fixed lines at P, Q and passes through 
two fixed points A, B ; prove that PQ passes through one of two fixed 
points H, K and that {AB ; H K} is harmonic. 

•if 2. U u, u>' are conjugate points w.r.t. a conic, prove that the conic is 
trjjectangnlai hyperbola. 

/9S.\?tu ■ee conics pass through four fixed points ; prove that a common 
tangent to two of them is divided harmonically by the third. 
v/84. Prove by projection the harmonic properties of a conio inscribed 
m a quadrilateral and circumscribing a quadrangle. (Project the m- 
scribpa quadrangle into a parallelogram and the conic into a circle.] 

TO. PQR is a triangle inscribed in a fixed conic ; PQ, PR are fixed in 
directipn ; prove that QR envelopes a oonic having the same asymptotes 
is thp given conic. 

\|4. Prove that the locus of the centres of hyperbolas passing through 
two fixed points and having their asymptotes parallel to two given lines 
is a straight line. 

87VA is a fixed point j P is a variable point on a fixed line : AP cuts 
a fixed come at Q, R , find tho locus of the hainmnu conjugate of P 
w.r.t. Q, R. 

38. T is a pole of a chord PQ of a conio S, , a conic S t is drawn having 
TP, TQ as asymptotes ; prove that one pair of common chords of S! 
and Si is parallel to PQ. 

toafl. [Pascal’* Theorem.] The three pairs of opposite sides of a hexagon 
Inscribed in a conic meet at P, Q., R ; prove that P, Q, R are coUmear. 
[Project the conic mtu a circle and PQ to infinity j 

48 / A variable conic passes through three fixed points and has two 
ifixert points as conjugate points ; prove that it passes through a fourth 
med pomt. 

Deduiie a theorem for a rectangular hyperbola. 

il< If a Bystem of conics circumscribing a fixed quadrangle is projected 
a system of coaxal circles, prove that two of the diagonal points 
projec^Tnto the limiting points of the coaxal system. ^ 

'if. Two conics touch the same line at P, Q and cut at 'A. B, C, D ; 
prove that a conic through A, B, C, D and the mid-jxnnt of PQ has one 
asymptote parallel to PQ. 

wo parabolas touch at P and cut at Q, R ; prove that PQ, PR 
are harrhonically conjugate to the diameters through P of the two curves. 

4v A, B are two fixed points ; P is a variable jxnnt such that PA, PB 
are conjugate lines w.r.t. a fixed conic <r ; prove that the iocus of P is a 
conio through A, B [Project er mto a circle having tho projection of A 
ae centre.} 

45. T ia the pole of a fixed chord PQ of a conic S ; a variable tangent 
cutfi TP, TQ (it H, K ; prove that the locus of the mid-point of HK is a 
oonic, having double contact with S- 



V.] 


THE FOCI 


81 


THE FOCL 

Definitions. 

(1) If a quadrilateral is formed by drawing the pairs of tangents 
from the circular points at infinity to a come, and if S, H , S'. H' are 
the other two pairs of opposite vertices, then S, H and S', H are 
called the foci of the conic , and the lines SH, S H' are called the 
principal axes of the conic [Seeing 38, p 82] 

(2) The polars of the foci u rt the conic are called the directrices 
of the conic , and the chord through a focus parallel to the c c- 
spondmg directrix is called tho latus rectum. 

(3) If a system of comes have the same foci, they are said to be 
confocal. 

Theorem 60. (1) Every real conic has four foci, of which two are 

real and two are conjugate lmagmanes 

(2) Every real central como lias two real principal axes, which 
are a pair of perpendicular conjugate diameters of the conic 

(3) Every pair of conjugate linen through a focus of a conic are 
at right angles , and, conversely, two perpendicular lmes through a 
focus are conjugate lines 

(1) lo, o' are conjugate lmaginaries , therefore the pair of tangents 
coS, o)H are the conjugate lmagmanes of the pair of tangents to S, 
o>'H , since the conic is real [see Fig 38] But two conjugate 
imaginary lmes meet at a real point, 

Therefore either toS, to'S and <oH, co'H or toS, to'H and toH, to'S 
meet at real points, but not all four pairs, since the lines SS , S'H , 
HH', H 'S are imaginary 

Suppose, then, that the fitst two pairs meet at real points, then 
S, H are real In that case coS, <o'H are the conjugate lmaginaries 
of <oH, to '8, and therefore their meets H', S' are conjugate 
imaginary points 

(2) Smce S, H are real and S', H' are conjugate lmagmanes, the 
lines SH, S'H' are both real. 
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From the theory of the circumscribed quadrilateral, the mee 
of SH, S'H' is the pole of oo', the line at infinity, and is there! 



the centre of the conic. Also CH, CH' are conjugate lines w.r.t. 
conic ; therefore CH, CH' are conjugate diameters. 

But C(HH' ; wco'} is harmonic, HCH' =90 J . 

Therefore the two principal axes are a real pair of peTpendic 
conjugate diameters. 

(3) If SP, SQ are a pair of conjugate lines through S, S;PQ ; 6 
is harmonic. [Theorem 27.] 

.'. _PSQ = 90°. 

Conversely, if ^PSQ=90°, S;PQ, ; um'} is harmonic, and th 
fore SP, SQ are conjugate lines. [Theorem 27.] Q.E.I 

Corollary 1. The directrices are parallel to the principal a 
This follows from the harmonic theory of the circurnscril 
quadrilateral. 
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Corollary 2. A central oonic is symmetrical about each of the two 
principal axes ; a parabola is symmetrical about its (finite) axis. 

The parabola needs special consideration. 

Sinoe the parabola touches the line at infinity, too' at H say, the 
lines co'HH', <oHS', H'CS' of Fig. 38 all coincide with the line coco'; 
the points H', S' ooincide with to, to' respectively, and C coincides with 
H. A parabola has therefore one focus at a finite point, one focus 
at its centre which is the point at infinity on the curve, and the other 
two foci at to, to'. It has one finitely situated principal axis, which 
bisects all chords perpendicular to it, while the other principal axis 
is the line at infinity. This method of establishing the existence of 
the foci is simply a statement of an analytical process which can be 



expressed more briefly in geometrical language ; the figures merely 
indicate the substance of the arguments employed. 
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Thaoram 51. [Pappus Theorem.) S is the focus of a conic, P is 
* variable point on the curve, M is the foot of the perpendicular 

SP 

from P to the directrix corresponding to S ; then ^ is constant. 



Take any other point Q on the curve and draw QN perpendicular 
to the directrix ; produce PQ to meet the directrix at R, and let T 
be the pole of PQ. 

The polar of S, the directrix, passes through R, therefore the polar 
of R passes through S ; also the polar of T passes through R. therefore 
the polar of R passes through T. 

.'. the polar of R is ST ; 

,\ ST, SR are conjugate lines, and so <_ RST = 90°. 

But S'lRPTQi is harmonic, since ST iB the polar of R. 

.'. SR, ST are the bisectois of _ PSQ ; 

SP _ PR _ PM SP_SQ 
SQ~QR~QN ° r PM — QN ’ 

SP 

.• =;« constant. Q.E.D. 

PM 

SP * 

Corollary. If the conic is a parabola, ^ = 1. 

The principal axis passes through S, cuts the directrix at rigbt 
angles at X, say, and cuts the curve at A, a, where a is a point at 
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Since S i* the polar of the directrix, {XASa} is harmonic ; 

SA=AX or f§ = l. 

AX 

8P 

Definition. The constant valu&of — in Theorem 51 is called the 

PM 

eccentricity of the come. 


EXERCISE V. b. 


1. Provo that the centre is the mid -point of the line Joining the foci 
on either principal axis 

2. Prove that the four foci of a circle coincide with ite centre Where 
are the directnoes ? Draw a figure, analogous to Fig 38. What in 
the eocentrioity of a circle ? 

3. Prove that all parabolas having a common focus may be regarded 
as inscribed ui a common triangle 

4. Prove that any conic through the four foci of a conic must be a 
rectangular hyperbola 

6. The centre S of a circle is a foous of a oomc Prove that S may 
he regarded as a meet of two of the common tangents of the circle and 
come. 


6 S t , S t are two comes inscribed in the quadrilateral ABCD S 8 is 
/ any conic through A, B, C, D If S,, S e are projected into confocal 
conics, prove that S a will become either a circle or a rectangular 
hyperbola 


7 A side BC of a triangle ABC, self eomugate w rt a conic, meets 
a directrix at P , S is the corresponding focus , prove L PSA =90°. 

\XBCD is a quadrilateral circumscribing a conic , if the diagonals 
AC, HD meet at a focus, prove that they are at right angles and that the 
third diagonal is the directrix 

9. Prove that any two conics can be projected into confocal comes 

KVrf the tangents at two points P, Q of a come, foous S, meet at T, 
prove that La TSP, TSQ are either equal or supplementary. 


11. P is a point on a conic, centre C, focus S , CP meet* the oorre 
spending directrix at K , prove that the tangent at P is perpendicular 
to SK/ 

lfs'xhe tangent at P to a conic meets a directrix at R , S is the 
corresponding focus , prove L PSR =90°. 

18. The directrix of a hyperbola meets an asymptote CT at T ; S is 
the corresponding focus , the other tangent from T to the curve touches 
it at P y pro ve that SP is parallel to CT 

14.*7rove that comes having the same foous and directrix can be 
projected into oonoentnc circles. 
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IS. Two conics have a common focus and directrix , a chord PQ of 
one touohes the other at H and meets the directrix at K ; prove that 
{Pft y H K} is harmonic. 

lflt A come passes through three fixed points and touohes a fixed 
line ; prove that the locus of the pole of the line joining two of the pomte 
n a oonre touching each of the joins of the fixed points 

l'V'Generalise : the circumcircle of a triangle circumscribing a 
parabola passes through the focus. 

18y/Tf a conic and one of its foci are projected into a circle and ita 
centre, prove that any angle at the focus is unaltered in magnitude hy 
projection. 

Use this theorem to deduce angle properties of a conic, e g. Nos. 10, 

12, 2yd. 

l^/Generalise ■ the orthocentre of a triangle circumscribing a parabola 
lies on the directrix [Note that the orthocentre is the centre of the 
circle w.r.t. which the triangle is aelf-oonjugate ] 

20. Generalise : if a variable circle touches two fixed circles, centres 
A, B, then the locus of its centre is two conics, each having A, B as foci 

21. Two chords Pft, QR of a conic subtend equal angles at a focus , 
prove that PR meets the tangent at ft on the directrix 

22. The tangent at a point P on a hyperbola, focus S, meets an 
asymptote CT at T , SP meets CT at ft , prove that Q.T ftS 

28. Prove that two ellipses with one common focus cannot intersect 
m four real pomte 

24. ABC is a triangle circumscribing an ellipse ; AB touches the curve 
at F , S is a focus , prove that the angles ASF, BSC are equal or 
supplementary 

Theorem 52. A system of conics touching four straight lines can 
be projected into a system of confocal conics. 

This will be done ,if one pair -of opposite vertices of the circum 
scribing quadrilateral are projected into to, to'. 

Corollary. Any two comes can be projected into two confocal 
comes. 

Theorem 58. A system of conics having a common focus S and 
a common corresponding directrix L can be projected mto a system 
of ooBcenfcric circles having the projection of S as centre. 

With the usual notation, let So, Sco' cut L at P, ft ; then each 
come touches Sco, Sco' at P, ft 

If P, Q, are projected into co, to', each conic becomes a circle having 
the projection of S as oentre. 
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Note on Method. For nder work it is important to realise to what 
extent metrical properties can be transmitted by projection. 

(1) Harmonic and cross ratio properties of ranges and pencils are 

unaltered by projection ^ 

(2) If A, B, C are three collinear points, the ratio ~ can be trans 

Od 

nutted by writing it in the form {ABCx ), where x is the ideal point 
on AB , in particular, if AB = BC, {ABCx } is harmonic. 

(3) The fact that ABC =90° can be transmitted by writing it 
in the form B{AC , oo } is harmonic 

The fact that _ ABC is constant may be re- written as 
B {A©>S<ii constant 

(4) The condition that'A conic is a circle is expressed by saying 
it passes through o, o' 

(5) The condition that a conic is a paiabola is expressed by saying 
it touches oo' 

(b) The condition that a conic is a rectangular hyperbola is 
expressed by saying that o o arc conjugate points w r t it 

(7) The condition that S is a focus of a conic i. is expressed by 
saving that Sco, So are tangents to i.' , also the dnectnx is the 
polar of S, the centre is the pole of coco , the asymptotes aro the 
tangents at the points of intersection of the cuive and coco 

As has been already noted, it is frequently easier to see how to 
prove a theorem which is expressed in general rather than in special 
terms consequently it may be desirable to begin by generalising 
the given problem and then project it afresh by a different method, 
bometimes it is simpler to project the dual general theorem , the 
validity of this method will be established in the chapter on 
Reciprocation 

EXERCISE V. c. 

Generalise the properties stated m Nos 1 8 
1 P is a variable point on a given circle, C is a fixed point. CP is 
CP 

produced to Q so that - is constant then the locus of Q, is another 
circle c ' , » 

2. The locus of the foci of ellipses which touch the four sides of c, 
given parallelogram is a rectangular hyperbola circumscribing the 
parallelogram 
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tL The loous of the oeutro of a conn' inscribed in a given quadrilateral 
is toe straight line through the mid points of the three diagonals 

4 . If a variable circle touches a fixed oomc at a fixed point and cute 
It afadn at P, Q, then PQ is fixed in direotion 

jj. If two conios have the same directrix, then their common point* 
are ooncyolio 

8 . The director circles of all conics touching four fixed lines are (>o axa p 
7. The envelope of the polara of a given point wrt a system 0 f 
oonfocal oonics is a parabola touching the axes of the system 
y4 AB is a chord of a given circle fixed m direction, a point P divides 
AB in a given ratio , then the locus of P is a conio hav ing double contact 
with the circle. 


9 Four oonics pass through the points A, B C, D . prove th a t the 
cross ratio of the pencil formed by the tangents at A to the four conics 
is the same as that at B or C or D 

10 T is the pole of a fixed chord AB of a given conic 2 , PQ, is a Venable 
ohord of 2 such that T{PAQB} is constant , show that the envelope 
of PQ is two conics each having double contact with 2 at A, B 

II. A system of conic* have double contact at the fixed points A, B ; 
prove that the poles of a given line CD w r t the system lie on another 
ling CE such that C{AB , DEI is harmonic 

/ 12 If two triangles ABC, PQR are such that the sides of one a re the 
polars of the vertices of the other wit a conic, prove that the tri aI1K i e8 

are in perspective [Project the conic into a circle having the projection 
if A as centre ] 

18 Two oonics cut at A, B, C, D , a variable line through A meets 
the oonics at P, Q , prove that B{PCQD} is constant 
14 A variable parabola touches the sides of a fixed triangle ABC 
prove that each ohord of contact passes through a fixed point 
What result is obtained bv taking B, C as w, <j 
16VAA , BB , CC', DD are four concurrent chords of a conic , ,f p 
is any other point on the conte, prove that P{ABCD} P{A BCD} 

18 p, q are two fixed lines pouching a given conic 2 , a variable 
oorno 8 touches p, q and two other fixed lines , prove that the other t wo 
common tangents of S, 2 meet on a fixed line [Project the dual 
theorem.] 

17 Si, S„ S 3 are three conics inscribed m the same quadrilateral 
P is a point of Intersection of Si, S s , prove that the tangents at p to 
S t , Si ire harmonic conjugates wrt the tangents from P to S a [Project 
the djtai theorem ] 

18r A triangle is circumscribed to a given conic , two of its vertices 
move on fixed hues which meet at T , prove that the loous of the, third 
vertex & a come having double contact with the given conic, the chord 
of contact being the polar of T. 
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V. Prove that the asymptotes of all conics which touch two given 
straight lines at given points envelope a parabola- 

80. A, B are fixed points on two of the sides of a given quadrilateral, 
the other tangents from A, B to any conic inscribed in the quadrilateral 
meet at P ; prove that the Iocub of P is a straight line. 

S\lf two pairs of opposite vertices of a complete quadrilateral are 
conjugate points w.r.t. a conic, prove that the third pairs are also con- 
jugate point*. [P, Q are conjugate points w.r.t. a circle if the circle on 
PQ, as diameter is orthogonal to the oirde.] 

22. The asymptotes of two hyperbolas are parallel ; prove that their 
commbn chord is parallel to one of the diagonals of the parallelogram 
formed by the asymptotes. 

28. Any circle through the centre C of a rectangular hyperbola cuts 
the curve at H. K ; PQR is a triangle self-con j ugate w.r.t. the hyperbola ; 
prove that one pair of common chords of the circle and the conic through 
H , K, P, Q, R are conj ugate lines w.r.t. the hyperbola. 

24. Two conics have four-point contact at A , any line through A 
meets the conics at P, Q ; prove that the locus of the meet of the tan- 
gents at P, Q, is a straight line. 

The Director Circle- * 

25. If a, 4 are the lengths of the semi-axes of a central conic, prove 
that tjhe radius of the director circle is v (u 2 + i 8 ). 

\g. Wlut is the director circle of a rectangular hyperbola ? 

27. Prove that the director circle of a conic passes through the points 
of intersection of the conic with its directrices. 

28. A chord PQ of the director circle, centre C, touches the conic ; 
prove that CP, CQ are conjugate diameters. 

29. Prove that the tangent from any point on the director circle of 
a conic to its auxiliary circle is oqual to the semi minor axis 

30. An ellipse of given size slides between two fixed perpendicular 
lines ; find the locus of its centre. 

31. P is a point on the directrix of a conic, focus S ; PT is the tangent 
from P to the director circle ; prove that PT - PS. 

32. ABCD is a rectangle circumscribing a conic ; AB meets a directrix 
in P, S is the corresponding focus : prove that _ PSA = ^_ PBS. 

aa^Two conic* are snch that an nnlimited number of quadrilaterals 
can be inscribed in one and circumscribed to the other. If ABCD is any 
one such quadrilateral, prove that AC, BD meet at a fixed point. [Use 
projection. ] 

84. Prove that the focus is a limiting point of the coaxal system 
having the directrix as radical axis and the director circle as a circle of 
the system. 



CHAPTER VI 

CELEBRATED PROPERTIES OF THE CONIC 

The initial theorem of this chapter was first enunciated, in complete 
generality, by Pascal (1623 1662) at the age of sixteen under the 
name of the Mystic Hexagram He first proved it for the c' lr °l e 
and then extended it to the conic, by projection The special case, 
however, where the come degenerates to two straight lines is con 
tamed in the Porisms of Euclid unproved, and was formally proved 
by Pappus six centuries later But the credit of Pascal s discovery 
must be ascribed partly to Desargues in whose work, as we 
see later (p 187), the theorem is implicitly contained The dual 
theorem was discovered by Bnanehon by an apphcatitm xfi 

polar properties, and is indeed the earliest professedly dual proj>erty 
enunciated. The theorem attached to Pappus name and ki'own 
as the “ Locus ad quatuor lmeas ” has an interesting record It 18 
mentioned by Pappus a3 well known, but no proof was given until 
IJescartes solved it in 1653 by means of his analytical method.-* , a 
purely geometrical solution was afterwards obtained by Nekton 
and published in the Principia 

The influence of Desargues and Pascal is ev ident in the two )?reat 
works of Carnot, the Geometry of Position (1803) anil the Theo^t °J 
Transversals ( 1806) Carnot took a leading part m the revolutionary 
changes in France at the end of the eighteenth century, and after 
his banishment m 1796 devoted himself to mechanics and geometry 
The last theorem of this chapter is associated with the nan le of 
Sir Isaac Newton (1642 1727), although it was known to PapP u8 < 
and in essence is due to Apollonius. Newton is admittedly tin 

90 
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greatest mathematical genius of all time, yet his researches were 
almost entirely completed before he was thirty. Owing to his 
dread of controversy, which publication in those days involved, it 
was with the greatest difficulty that he could be persuaded to 
announce his discoveries. The Pnncipia was not communicated to 
the Royal Sooiety until twenty years after it was written. As a 
geometer, judged by the nature of his methods, he is to be classed 
among the last of the ancient rather than with the first of the modern 
school 

Theorem 64. [Pascal’s Mystic Hexagram ] 

If a hexagon is inscribed in a come, then the meets of the three 
pairs of opposite sides are colhnear. 



1, 2. 11. 4, 5, 6 are the vertices of the hexagon ■ 12, 45 , 23, 56 ; 
34, 61 are the pans of opposite sides intersecting at L, M, N respec- 
ti\ ely 

Let X, Y be the meets of 16, 54 . 34. 56 

Now 1(24561 =3(2456), Chaslos theorem 

But 1(2456) ={L43X) and 3(2456} = (MY56) , 

{L45X} — (MY56) 

But 5 is a common corresj)onding point , therefore LM, 4Y, X6 are 
concurrent But 4Y, X6 meet at N . 

' L, M. N are colhnear Q E.D. 

Note. In order to remember this proof, the reader should observe 
that we start with two pencils whose vertices are two vertices of the 
hexagon, separated by one vertex. 
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P*K*l’i Etoosern. (Second Proof.) 

With the notation of Fig. 41, project LM to i n fi n ity and the 
oonic into a circle. 



In the projected figure 12, 45 and 23, 56 are parallel , 

_ 143 = 18<P - _ 123 = 180 D - -456 = _ 416 , 

16 is parallel to 43. 

/. the meets of 12, 45 , 23, 56 , 34, 61 he on the line at infinity. 

. . m the original figure L, M, N are colhnear QED 

Theorem 65. [Brianchon’s Theorem ] 

If a hexagon is circumscribed about a conic, then the joins of the 
three pairs of opposite vertices are concurrent. 

Let ABCDEF be the circumscribing hexagon (Fig 43) , then the 
polars a, b, c, d, e, f of its vertices form an inscribed hexagon Since 
a, d are the polars of AD, the point ad is the pole of AD. Similarly 
the points be, cf are the poles of BE, CF. 

But by Pascal’s theorem ad, be, cf are colhnear. 

their polars AD, BE, CF are concurrent Q E.D. 

Note. If we write out the dual method of the first proof given of 
Pascal’s theorem, we obtain a direct proof of Brianchon’s theorem 
the reader should do this as an exercise. 

It may also be proved by projection as follows : 

Let the sides AB, BC, CO, DE, EF, FA of the circumscribing 
hexagon touch the come at M, N, P, Q, R, S respectively ; let AD 
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cut BE at X Project the conic into a oircle having the projection 



of X, ae centre. Use small letters for projections. Since tangents 
to a circle subtend equal angles at the centre, 

_rxp = 2_ ezd = 2._ ax6 = _ 5.111 
and ^fxr — ^fxs and ^pxc = L.nxc, 

.'. ^fxr + ^rxp + ^pxc = ^ fxs + ^sxn + ^nxc ; 
each is 180°, and so fxc is a straight line , 

.'. ad, be, cf are concurrent. 

Theorem 56. ( 1 ) If the meets of the three pairs of opposite sides 

of a hexagon are collinear, then its six vertices he on a come, 

(2) If the joins of the three pairs of opposite vertices of a hexagon 
are concurrent, then its six sides touch a conic. 

These theorems may be proved either by 'reversing the order of 
the argument m the first proof given of Pascal’s theorem and its 
dual, or by an obvious reducho ad absurdum method, using the fact 
that one and only one oonio can be drawn to pass through five 
points or to touch five fines 
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Theorem 57. (1) If A, C, E ; B, D, F are two sets of three oollinear 
points, then the meets of AD, BC ; CF, ED ; AF, EB are collinear. 

(2) If a, c, e ; b, d,f are two sets of three concurrent lines, then 
the joins of ad, be . ; of, ed ; a/, eb are concurrent. 



> 


Fig. 44. FIG. 45. 

These are special cases of Pascal's and Brianchon’s theorems 
when the conic degenerates to (1) two straight lines, (2) two points. 

Theorem 58. If a quadrangle is inscribed m a conic, the tangents 
at its vertices meet in pans on the sides of the diagonal point triangle. 



Apply Pascal’s theorem to the hexagon AABCCD, and it follows 
the tangents at A, C meet on EF. 
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Theorem 59. If a pentagon abcef circumscribes a oonio, and if 
ce touches the conic at d, then ad, be, cf are concurrent. 


a 



This follows at once if Brianchon’s theorem is applied to the 
hexagon abcdef. 


EXERCISE VI. a. 

1. If ABCDEF is a hexagon inscribed in a conic, provo that the 
meets of AC, DF ; DE, BC , A£, BF are cullmear. 

2. Prove that there are CO Pascal lines associated with any bix 
points on a conic, and that they form sets of four concurrent lines. 
What is the dual theorem ’ 

3. Deduce a result from Pascal's theorem by making two consecutive 
vertices of the hexagon coincide. 

4 . Deduce a result from Pascal's theorem by making consecutive 
vertices coincide in pairs 

5. Deduce from Brianchon's theorem a property of a triangle circum- 
scribing a come. 

6. Four points P, Q, R, S are taken on a conic ; PR meets CIS at L ; 
M is any pomt ; PM, QM meet the conic at T, U ; prove that ST, 
RU, LM are concurrent. 

7. Deduce, from Brianchon’0 theorem, a property of a pentagon 
circumscribing a parabola 

8. A variable conic passes through four fixed points A, B, C, D and 
outs two fixed lines AP, AQ at P, Q : if CP meets BQ at N, prove that 
the locus of N is a straight line. 
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9. T is the pole of a chord PQ, of a oomo , PH, QK are chords parade! 
to T Q, TP , prove that PQ is parallel to H K 

10 P, Q, R are three points on a hyperbola , QR meets the hue through 
P parallel to one asymptote at S , PQ meete the hue through R parallel 
to the other asymptote at T , prove that ST is parallel to the tangent 

at Q. 

11 P, Q, R, S are four point* on a parabola , the diameters through 
Q, R meet PR, QS at H, K , prove that H K is parallel to PS 

12. P, Q, R, T are four points on a conic , QR, PT meet the tangents 
at T, R m C, D , prove that CD, PQ, RT are concurrent 
Deduce a special result by taking RT as the line at infinity 
18 B is a fixed pomt on a parabola , diameters are drawn through 
the extremities P, Q of a variable chord to meet BQ, BP at L, M , prove 
that LM is fixed in direction 

yC.4 A parabola is inscribed in a -triangle ABC touching BC at D , 
the parallelogram BACN is drawn , prove that DN is a diameter 


16. A oomo inscribed in the triangle ABC touches AB, AC at H, K , 
any other tangent to the come cute BC, AC at P, Q , prove that UK, 
QH.AP are concurrent 

T is the pole of a chord PQ of a parabola R is anv other point 
Mfthe ouf-ve , the diameters through P, Q meet QR, PR at H, K , prove 
(that T Jtk the mid pomt of H K 

V7/A, B, C are three points on a hvperb la , BC meets one asymptote 
at u , a straight line AE is drawn parallel to this asymptote to cut a 
line through D parallel to AB at E Prove that CE is parallel to the 
other asymptote 


18. PQ is a chord of a parabola , through a point T on the tangent at 
P a line is drawn parallel to PQ meeting the diameter through P at H 
HQ meete the curve again at R , piove that TR is a diameter 


19, If a rectangular hyperbola circumscribes a triangle ABC prove 
that it passes through tho orthocentre [Let a, be the points at 
infinity on the curve, let the perpendicular from A to BC cut the curve 
at H , apply Pascal to BCHjijSA ] 

20. From any pomt on fhe circumcircle of a triangle ABC perpen 
diculars are drawn to BC, CA, AB and meet the circle again at D. E, F , 
Pro VO that a conic ran Badrawn to tourh AB, BC, CD, DE, EF FA 

2llr A hexagon circumscribes a conic S, and is inscribed in a conic S,, 
prove that its Pascal line w r t S 3 and its Brianchon pomt w r t Si form 
a side and vertex of the common self-coni agate of S, and S, 


22 If a conic touches AB, BC, CD, DA at P, Q, R, S, prove that AC, 
BD, PR, QS are concurrent. 


28. The tangents at two points P, Q on a hyperbola out one asymptote 
at H, K and the other at H , K , prove that H K , H K, PQ are parallel 
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34. T is the pole of a chord PQ of a hyperbola , TP, T Q meet one" 
asymptote at H, K , KP cuts QJH at N , prove that TN is parallel 
to HK- 

36. If two triangles are in perspective, prove that the six straight lines 
joining the vertices of one to the non-oorrespondwg vertices of the other 
touch a conic. 

Constructions. A number of important (first degree) construc- 
tions can be effected by means of Pascal’s and Brianchon’s theorems , 
the underlying principle is to build up one or other of the funda 
mental figures of these theorems. 

Example I. Given five points on a come, to construct any number 
of other points on the come. 



Let ABODE be the given points . draw through A any line AP , 
wo shall construct the other meet of AP with the come 

Let AB, DE meet at L and CD, AP at N , join LN, and produce it 
to cut BC at M , join EM. and produce it to cut AP at Z 

By construction, the meets of the opposite sides of the hexagon 
ABCDEZ are collinear , therefore A, B. C, b. E, Z lie on a conic. 

Z is the meet of AP with the conn, through A, B, C, D, E 

Example II. Given five points on a come, to construct the tangent 
to the oomc at any’ one of them 

Let ABODE be the given points. [We shall construct the Pascal 
line of the hexagon AABCDE.] 
n p a. 


a 
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* Let AB, DE meet at L and BC, EA at M , jom LM, and produce it 
to cut DC at N , join NA 



Then LMN is the Pascal line of the hexagon AABCDE; therefore 
AN is the tangent at A 

EXERCISE VI. b. 

l.'fGiven five tangents to a conic, construct the point of contact of 
any one of them [U se Theorem 59 ] 

2 Given four poiflts on a conic and the tangent at one of them, 
construct any number of points on the curve [Example I, when 
A coincides with B ] 

3 Given three points on a hyperbola and one asymptote, construct 
any number of points on the curve 1 A special case of No 2 ] 

4 Given four points on a hjperbola and the direction of one 
asymptote, construct another point on the curie 

Construct also that asj mptote 

5 Given five points on a conic, construct its centre 

8 Given h\e points on a conic, construct the polar of another given 
point 

7. Given four tangents to a parabola, construct their points of contact 

B Given three p unto on a conic and the tangents at two of them, 
construct the tangent at the third print 

9 Given four tangents to a conio and the point of contact of one of 
them, construct the points of contact of the others 

10. Given the direction of the axis of a parabola and a triangle err 
eumsonbing the parabola, find the pomts of contact with the sides c 
the triangle 
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Theorem 60. [Pappus’ Theorem ] 

A, B, C, D are four fixed points on a given conic , P is a variable 
point on the conic , PH, PK, PX, PY are the perpendiculars from 

p to AB, CD, AD, BC , then p^~ py 13 constant. 



PH . AB=2_APB = PA . PB sm APB ; 
similarly PK CD=PC PD sm CPD, 

PY CB = PC PBsinCPB, 

PX AD = PA PD sin APD 

PH PK AB CD _sin APB sm CPD 

PX PY AD CB sm APD mn CPB -K(AtSLU)- 

ppj p|^ 

But P {A BCDJ is constant , p^ — py is constant Q E D. 

Corollary. A, B, C, D are four fixed points , from a variable 
point P, perpendiculars PH, PK PX, PY are drawn to AB. CD. 

Pf-j p|^ 

AD, BC , if p^ py 18 const* 11 *', the locus of P is a come through 
A, B. C D 

The proof consists merely in reversing the order of the argument 
given above 

The analytical proof is obvious. 
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Theorem SI. AB, BC, CD, DA are four fixed tangents to a given 
conic ; p is a variable tangent ; AH, BX, CK, DY are the perpen- 

AH CK 

dicuiars from A, B, C, D to p ; then s~ v ~' rw ^ constant. 

DA . DY 

Let p cut AB at ft, DC at R. 

AH AQ , CK CR 

Then, by similar triangles, and D y = ^; 

. AH . CK Aft . CR 
■' BX. DY“QB. DR" 

Let any other tangent p' out AB, DC at ft', R'. By Chasles’ 
theorem, 


{AQBft'} = {DRCR'} or 


Aft. BQ' DR.CR'. 


; Aft' . BQ, DR' . CR 


. Aft . CR Aft' . CR' . 
" QB. DR _ ft'B. DR'’ 


Aft . CR 
" QB .DR 


is constant ; 


AH . CK 
BX. DY 


is constant. 

Q.E.D. 


Corollary. If AH, BX, CK, DY are the perpendiculars from four 

AH CK 

fixed points A, B, C, D to a variable line p, and if ’ is constant, 

dX . DY 

then p envelopes a conic touching AB, BC, CD, DA. 

This theorem is due to Chasles. 


EXERCISE VI. c. 

1. PL, PM, PN are the perpendiculars from a variable point P to the 

PL 2 

sides of a fixed triangle ; find the locus of P if , is constant. 

PM . PN 

2. a, b, c, d, e, f are the perpendiculars from a variable point P on a 
conic to oonseoutive sides of a given hexagon inscribed in the conic ; 

prove that * ’ ~’-y is constant. 

8. Extend Pappus’ theorem to a polygon of 2 n sides inscribed in a 

conic. 

4. P is a variable point on a hyperbola; PH, PK are the perpen- 
diculars to the asymptotes ; prove that PH . PK is constant. 

f. Deduce from PappW’ theorem a property of the parabola by 
taking B, C as coincident points at infinity. 
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6. AB is a fixed chord of a hyperbola ; parallels through A, B to the 
asymptotes meet at C ; PH, PK, PL are the perpendiculars from a 

variable point P on the ourre to CA, CB, AB ; prove that 16 

constant. 

7. What is the value of the constant m Pappus’ theorem if the oonic 
is a circle. 

8. Deduoe a result from No. 2, by supposing that the hexagon takes 
the form XXYYZZ. 


9. Prove that the oonstant in Theorem 61 is unity, if the conic is a 
parabola. 

10. A is the pole of a chord BC of a conic ; a,b,c are the perpendiculars 
from A, B, C to a variable tangent to the come ; prove that ^ is constant. 


11. The tangent at a fixed point B of a hyperbola meets the asymptotes 
EC, ED at C, D . b, c, d, e are the lengths of the perpendiculars from 

B, C, D, E to a variable tangent ; prove that is constant. 


12. A como touches AB, AC at B, C ; if ABC is the triangle of 
reference, prove that m areal coordinates the equation of the conic is 
yz = \.x i By taking AB, AC as the isotropic knee, prove that the 
distance of a point on the conic from the focus is proportional to its 
distance from the directrix. 
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Theorem 62. [Carnot’s Theorem.] 

If the sides BC, CA, AB of a triangle cut a conic at P,, P a ; Q t , Qj ; 
R,, R b respectively, then 

AR, . AR a BP, • BP a CO, • CCl* 1 

AO, . AQj ' BRj BRj ' CP,7CP7 = " 




Denote by I, J, K the points at infinity on BC, CA, AB. Project 
the conic into a circle, and use small letters for corresponding 
projections. Then t, j. k are three collmeai points. 


Now 


CP, 


= {BP,CI}, since I is at infinity, 


= {b Pl ci) 


bpi 


Similarly, 

BP* _bpi 
CP 2 cp^ 

Similarly, 

CQ, . CQ* 

AQ, • AQa 

But hp l . bp 2 = br l . br v etc. 

ct 1 


cpi 


Cl 

bi’ 


, cq A 
aq 2 


BP, . BP„ 
CP,. CP, 


_bp 1 . 
c Pi ■ 


h Pi 

cp 2 


cr 

bi*' 


<y* 


and 


AR, . AR 2 _ 
BR,'. BfV 


ar 1 . ar„ 
br 1 . br 2 


bk * 
ah* 


the given expression = 


aj* bk* 
bi * cj * ale* 

= 1, by Menelaus’ theorem, since », j, k are 
collinear. Q.E.D. 
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Corollary. If P,. P a ; Qi- Q a ; R^ R a are points on the sides 
BC, CA, AB of a triangle such that 

ARj . AR 2 BPj . BP 2 CQj . CQ * _ . 

AQj T AQ a ’ BR a . BR 2 ' CPi . CP 2 _ ’ 
then these six points lie on a conic. 

This is easily proved by a reductio ad abaurdum method. 

Theorem 68. [Newton’s Theorem.] 

If POQ, ROS are two variable chords of a conic, fixed in direction. 



Fig. 51. 


Take any other point O' and draw thiough it the chords P'Q'Q'. 
R'O'S' in the given directions ; let R'S' cut PQ at N. 

Suppose that a is the point at infinity on PQ, P'Q', then 
aQ _ _ aP 
aQ' a P' 

Apply Carnot’s theorem to the triangle aNO' ; 

NP . NQ aQ'.aP' O'R'.O'S'. 

NR'". NS' ' «Q.«P O'P'.O'Q' - : 

O'P'.O'Q' NP . NQ 
’• O'R'. O'S' - NR' . NS' 

OP.OQ NP . NQ , OP. OQ O'P' . O'Q' 

OR . OS~NR' . NS' ’ " OR . OS“0'R' . O'S 7 ' 

Q.E.D. 


Similarly, 
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Corollary. If CH, CK are the semi- diameters parallel to POQ, 


ROS, then 


OP. OQ, CH* 
OR . OS "”CK* 


. Note. If Newton’s theorem is proved independently of Carnot’s 
theorem, it is then easy to deduce Carnot’s theorem from it. If in 
Kg. 51 we draw the semi-diameters OX, OY, OZ parallel to BC, 
CA, AB, we have 


ARj . AR a 
AQ| . AO* 


OZ* 

0Y» 


, etc , 


and this gives at once the Carnot relation. 


STANDARD EQUATIONS OF THE CONIC 
(1) The Ellipse and Hyperbola. (Centre at a finite point.) 



FIG 54 


Let ACA', BOB' he the pair of perpendicular conjugate diameters : 
draw any double ordinate PNP' to AA'. 

By Theorem 63, Corollary, 

LetCA = a, CB=ft, CN=a, NP=y. 

or o*y* = a s 6* - Vx 2 , 

o’-r 4* 

. ** y* 


Then 


This cute the line at infinity, where + jh = 0. 
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If the conic is an ellipse through real points, o s and b 2 are each 
positive. 

If the conic is an ellipse with no real point, both a s and 6 * are 
negative. 

If the conic is a hyperbola, either a s or b 2 is negative, but not both 
of them ; and either the pair of points A, A' or the pair B, B' are 
imaginary, but not both pairs. 

(2) The Parabola. (Centre at infinity.) 



no. 65. 


Let S be the focus, A the vertex, LSL' the latus rectum, and a the 

point at infinity on AS : draw any double ordinate PN P' to the axis AS. 

„ „ NP.NP' NA . N.t NA 

By Newton s theorem, ^ 7 ^,= SA g a = SA 

Now SL = LM=SX=2SA=2a (say) ; 

PN 2 _AN 
fa a — a 


or PN 2 = 4u.AN. 


LetAN=x, NP =y ; then y 2 = iax. 

Note. The fact that any central conic can be expressed in the form 
a 2± b 2 ~ ± ’ m 


enables us to apply the methods of orthogonal projection [Chapter 
II] to establish properties for any central conic, as defined on p. 5. 
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In the case of the hyperbola, the transformation, of oourse, involves 
imaginary constants. It is not possible to project orthogonally a 
parabola into a cirole, but many properties can be deduoed by 
regarding the parabola as tho limit of an ellipse or hyperbola when 
the centre tends to infinity. 


EXEKCISE VI. d. 

1 “'(Vhat does Carnot’s theorem become if the come degenerates into 
two coincident straight lines 1 

2. Extend Carnot’s theorem to apply to a quadrd&teral. 

8. Deduce from Carnot’s theorem a result for a conic inscribed in a 
triangle. 

4. Deduce a result by applying Carnot s theorem to the triangle 
formed by the asymptotes and one tangent of a hyperbola. 

5. With the notation of Fig. 51, prove that Carnot’s theorem may 
be written 

sin BAP! ■ sin BAP 2 . sin CBQi . sin CBQ 2 . sin AC^ . sin ACR„ 

= sin CAP 2 . sm CAP S . sin ABO.! . sm ABQ 2 . sin BCR t . sin BCR 2 . 

6. If two comes are msenbed m tile same triangle, proto that the 
six points of contact lie on a conic 

7. A conic cuts the sides BC, CA, AB of a triangle at A,, A, , B a , B, , 
Cj, C 2 ■ if AAj, BBj, CCi are concurrent, prove that AA 2 , BB 2 , CC 2 are 
also concurrent 

8. Through any point O lines are drawn parallel to the sides of the 
triangle ABC , prove that their six meets with the sides lie on a come 

9. Tangents are drawn from the vertices A, B, C of a triangle to a 
ctrole and meet the opposite sides at P lt P 2 ; Qj, Q 2 ; R lt R 2 . Prove that 
these six points lie on a come. 

Generalise this theorem and enunciate the dual property. 

[Let O be the centre and r the radius of the circle , use No 5, and note 

OF 2 - r 2 

that sm BAPi . sm BAP 2 =sm ! BAO -sm 2 PjAO =— n -! 2 , where OF is 
the perpendicular from O to AB.] DA 

10. PQ ib a variable chord of a parabola, fixed m direction , the 

PN« 

diameter biseotmg PQ cuts the ourve at V and PQ at N , prove that -r--j 
is constant. VN 

11. PQ, H K are two parallel chords of a hyperbola meeting an aaym- 
^ptote at Y, Z respectively ; prove that YP . YQ = ZH . ZK. 

12. Two diameters of a parabola meet the curve at H, K and a chord 

on .i u' w ,i. . HH' PH'. H'Q 

PQ at H , K , prove that KK , = p|< , K , Q 



VI] 


STANDARD EQUATIONS OF THE CONIC 


107 


18. POP', DCD' are two conjugate diameters of a conic ; QQ' is a 
chord parallel to DD' cutting PP' at N , a line through N parallel to PD 
cuts CD at R , prove that QN 3 =DR . RD' 

14. T is the pole of a chord PQ of a conic , a chord H K parallel to TP 
moots PQ, TQ at V, R , prove that RV 3 = RH RK 

16. P, Q, R are throe points on a parabola , the diameters through 

HP 2 HQ 

Q, R meet the tangent at P m H , K ; prove that = -rr=. ■ 


16 If a conic and a circle intersect at P, Q, R, S, prove that the dia- 
meters of the conic parallel to PQ, RS are equal and that PQ, RS are 
equally inclined to either principal axis. 

17. PQ, PR are two chords of a conic, equally inclined to the tangent 
at P . CH, CK are the semi diameters parallel to PQ, PR , prove that 
PQ CH 1 

PR “CK 3 

18. T is a point on the tangent at a point P of a parabola , any line 
through T cuts the parabola at Q, R and the diameter through P m H , 
prove that TQ TR=TH 2 

19. Two conics Sj, S 2 cut at A, B, C D , x„ and x„ y« are the 
lengths of the pairs of diameters of S, and S 2 parallel to AB, CD , prove 
that r 1 y t =x i y 1 

20 Two conics S, S 2 cut at A, B. C. D . from anv point P on AB, 
two lines PHuK,, PH 2 K 2 are drawn cutting Sj, S 2 at H,, K, and H 2 , K 2 
respectively , prove that the points C, D, Hj, K,, H 2 , K 2 he on a conic 

21 A chord PQ of a conic subtends equal angles at the extremities 
of a chord RS , prove that it subtends equal or supplementary angles at 
the extremities of any chord parallel to RS, if the meet of PQ, RS lies 
outside the conic 


22. The circle of curvature at a point P of a conic cute a chord PK of 
the conic at L . x, y are the lengths of the focal chords parallel to PK 

P K x 

and the tangent at P , prove that pj- = • 



CHAPTER VII 

RECIPROCATION 

The Principle of Duality springs from the recognition of the fact 
that a curve may be regarded both as the path of a moving point 
and as the envelope of a moving line. The latter less obvious idea 
appears to be due to De Beaune (1601-1652). a student of the work 
of Descartes. The “Horologium” of Huygens (162!)- 1695), the 
inventor of the watch and the earliest writer on the undulatory 
theory of light, contains somo mention of the properties of the 
evolute (i.e, the envelope of the normals) of a parabola and cycloid ; 
and some optical applications to caustics aro due to Tschirnhausen 
(1631-1708). A systematic treatment of envelopes was given in 
1692 by Leibnitz, the joint-inventor with Newton of the Calculus. 
The advantage of coordinating these two conceptions was first 
pointed out by Brianchon (1806) ; while the principle itself was 
stated very clearly by Gergonne in 1825, to whom the notion of the 
class of a curve is due. Fonoelet, however, was mainly responsible 
for the detailed development of the theory, and further applications 
to metrical properties were made by Chasles and Salmon. The 
complementary treatment by means of line coordinates is due to 
Mobius (1790-1868) and Plucker (1829). 

Definitions. 

(1) The degree of a curve is the number of intersections (real or 
imaginary) of the ourve with any straight line. 

(2) The class of a curve is the number of tangents (real or imagi- 
nary) that can be drawn to the curve from any point. 
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lfote. A conic is a curve of the second degree and of the second 
class. 

(3) A, B, C, ; l, m, n, ... are any given system of points and 
lines in a plane, and £ is any given conic in the same plane. 
a,b,c, ... ; L, M, N, ... are the polars and poles of this system w.r.t. 
the oonic 2. Then the system a, b, c, ... ; L, M, N, ... is called the 
reciprocal of the given system w.r.t. the base-conic 2. 

It follows at once from the definition that the first system is 
also the reciprocal of the second w.r.t. 2. Moreover, the corre- 
spondence between the two systems is (1, 1), for to any point and 
line of the first system corresponds one and only one line and point 
of the second system. 

Notation. Small letters will be used to denote lines and oapital 
letters to denote points : correspondence in the two systems will be 
indicated by the use of the same letter, e.g. the line l in the first 
system corresponds to the point L in the second. 

To avoid confusion, the original figure and the reciprocal figure 
will usually be drawn out separately. 

Theorem 64. (1) If the reciprocals of A, B meet at P, then P is 

the reciprocal of AB. 

(2) If the reciprocals of a, b lie on p, then p is the reciprocal 
of ab. 

(3) If A, B, C, D, ... lie on l, then a, b, c, d. ... pass through L. 

(4) If a, b, c, d, ... pass through L, then A. B, C. D. ... lie on l. 

These results are all equivalent to the statements that if the polar 

of A passes through B, then the polar of B passes through A ; and 
if the pole of a lies on b, then tbe pole of b lies on a. 

Theorem 65. (1) If {ABCDJ is harmonic, then {abcd\ is harmonio, 

and oonversely. 

(2) The cross-ratio of {ABCD} equals the cross -ratio of {abed } , and 
conversely. 

These results follow at once from the theorem that the cross-ratio 
of any four collinear points is equal to the cross-ratio of the pencil 
formed by their polars. 
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PROJECTIVE GESUpTRY 

Definition, A moving point P traces outU. ourve Sj, and p is the 
polar of P w.r.t. the base-conio 2; then the curve S a enveloped by p 
is called the reciprocal of S, w.r.t. 2. 1 ' 

It is of fundamental importance to prove that if the ourve S 2 is 
the reciprocal of the curve S 1( then S, is also the reciprocal of S 2 , 
as defined above : that is to say, if we take a moving tangent t 
of St, then the locus of its pole T w.r.t. 2 is the same curve S 2 as is 
obtained by taking a moving point P of Sj and forming the envelope 
of the polar p of P w.r.t. 2. In other words, we must show that we 
obtain the same reciprocal of S 2 whether we regard S x as traced out 
by a moving point or as the envelope of a moving line. 

Theorem 86. If the curve S a is the reciprocal of S 2 w.r.t. 3. 
then S[ is the reciprocal of S a w.r.t. 2. 




Let h be the join of two adjacent poults A, B oa S, ; the polars 
of A, B w.r.t. 3 are a, b ; therefore the meet of a, b is the pole of AB, 
and we call it H because it is the reciprocal of h. In the limit, as 
B tends towards A along the curve, h becomes a tangent to S t and 
H becomes a point on S 3 , so that the reciprocal of a tangent to S x is 
a point on S 8 . 

Therefore S 2 can be generated from S x by regarding S x as an 
envelope. Q.E.D. 
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Theorem 07. The reciprocal of a conic Sj w.r.t. a b&se-conio 2 
is another oonic S g . 



Take four fixed points A, B, C, D on S p and let P be a variable 
point on S 2 . Then, with the usual notation, 

p{a6c<f} = P{ABCD; [Theorem 65 (2)] 

= constant ; 

p envelopes a conic, S 2 sav, whioh is the reciprocal of S 2 . 

Theorem 68. (1) If a line a meets S 2 at P, Q, then the tangents 

from A to S a are p, q ; and conversely. 

(2) If the join of A, B touches S,, then the meet of a, b lies on S 2 , 
and conversely. 

(3) If A, B, C, D are the common points of S 2 , S/, then a, b, c, d 
are the common tangents of S 2 , S 2 ', and conversely. 

(4) If Sj, S L ' touch at a point A, then a is a common tangent to 
S 2 , S a ' at their point of contact. 

All these results follow at once from the fundamental pole and 
polar properties. 

Theorem 69. (1) If a is the polar of B w.r.t. Sj. then A is the 

pole of b w.r.t. S 2 , and conversely. 

(2) If P, ft are conjugate points w.r.t. S 2 . then p, q are conjugate 
lines w.r.t. S 2 , and conversely. 

(3) If PQR is a self -conjugate triangle w.r.t. Sj, then pqr is a 
self -oon jugate triangle w.r.t. S 2 . 

(1) This follows at once from the harmonic definition of a pole 
and polar and Theorem 65 (1). (2) and (3) are corollaries of (1). 
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Theorem 70. (1) If O is the centre' -of the base- conic S, tht 
centre of Sj reciprocates into the polar of -O w.r.t. S» ; and tin 
-polar of 0 'w.r.t. Sj reciprocates into the centre of S,. 

(2) The reciprocal of O is the line at infinity, and conversely. 

{3) The asymptotes of Sj reciprocate into the meets of 8, wit! 
the polar of O w.r.t. S 2 . 

(4) S„ is an ellipse, parabola, or hyperbola according as O lie 
inside, on, or outside S 1 . 

These results are all simple special applications of the previou 
theorems. 

Attention has already been called to the fact that all desoriptiv 
theorems occur in pairs ; the ’’application of this principle to th 
geometry of the conic depends on the fundamental property i 
Theorem 07. The following example illustrates the prooess in detai 


Example. Obtain the dual of the following theorem : 

If a variable conic touches four fixed lines, then the locus of tb 
poles of a given line is a fixed line. 



P 

•*s , 



Let the variable conic S, touch four fixed lines a, b, c, d. 

Let / be the given line and P the pole of / w.r.t. 3,. Then t 
reciprocal conic S 2 passes through four fixed points A, B, C. D, a 
■/p is the variable polar of the fixed poitlt-P w.r.t. the variable conic 
Now P traces out a fixed line g ; therefore p passes througl 
fixed point G. 
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Hence we have the following theorem : 

If a variable conic passes through four fixed points, then the 
polars of a given point pass through a fixed point. . 

Note. At first, the reader should draw the reciprocal of a given 
system, bit by bit, and so gradually work up to the dual theorem. 
But after a little practice, the process can usually be made mechaifi- 
cally, as it involves only certain verbal changes, illustrated in the 
following two columns. When an element in either column occurs, 
it must be replaced by the corresponding element in the other. 

Point Line 

concurrent eollinear 

join of two points meet of two lines 

lie on pass through 

quadrangle quadrilateral 

range pencil 

base of range vertex of pencil 

locus envelope 

degree class 

point on a conic tangent to a conic 

meets of a line with a conic tangents from a point to a oonio 

pole polar 


EXERCISE Vn. a. 

lVif two conics touch each other, prove that their reciprocals touch 
each other. 

2. VVVhat is the reciprocal of (i) a common chord, (ii) a common tangent 
of two conics ? 

3. Two conics cut at P ; what is the reciprocal of the tangents at P 

to the conics ? \ 

4. What is the reciprocal of (i) two parallel tangents, (ii) two parallel 
chords, (iii) a pair of conjugate diameters of a conio ? 


6. P, Q are two points on a tangent A to a conio S, ; the other 
tangents from P, Q to S, meet at fi ", construct the reciprocal figure. 

8 . PQR is a triangle self -conjugate to a oonio Si and circumscribing 
a oonio S,' ; what is the reciprocal figure ? 

D.P.Q. H 
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Wrtte down, without proof, the dual theorems of Nos 7 to 21. 

7. The sides of a variable triangle pass through fixed non-collmea 
points, two of the vertices move on fixed lines, then the locus of thi 
third vertex is a conic 

If, however, the fixed points are collmear, then the locus of the thin 
vertes'is a straight line 

m. If a conic touches the sides BC, CA, AB of a triangle at P, Q, R 
then AP, BQ„ CR are concurrent 

9. If a hexagon is wsonbed m a conic, the meets of opposite side 
are collmear 


; 


10. A variable triangle is inscribed in a fixed conic , if two of its side 
pass through fixed points, then the third side touohes a conic bavin] 
double' contact with the given come 

11. Two conics touoh at A and’ cut agam at B, C , anv line througl 
A cuts the conics agam at P, Q , then the tangents at P, Q mee 

nBC / 

12\if throe conics have two common points, then the six meets o 
their common tangents be three by three on four straight lines 

18 If the polars of P, Q,, R w r t a conic meet QR, RP, PQ at P', Q 
R' then P'. Q , R' are oollmear 

B are two fixed poults , P is a variable poult such that th 
tangents from P to a fixed oomo are harmonically conjugate to PA, PB 
then the locus of P is a oomc 

16 From a variable point P on a common chord of two fixed conicE 
tangents are drawn meeting the conics at H, K , then H K passes throng] 
one of two fixed points 


1VH two triangles are self conjugate w r t a eonio, then their si 
vertical lie on a conic 


A system of conics have double contact at A, B , C is any othe 
fixed point , AC, BC out any one of the conics at P, Q , then PQ passe 
through a fixed point 


lyA variable conic touches two fixed lines and passes through tw 
fixed points , then the locus of the pole of the join of the fixed point 
is two lrnes 


W. i 


S„ S 3 , S, are three conies inscribed m the same quadrilateral 
P is a point of intersection of S! and S, , then the tangents at P to Sj, S 
are harmonically conjugate to the tangents from P to S 3 


If two conics touch at A and if two fines AP AR cut the conics i 
P, R and Q., S, then the chords PR, QS meet on the common chord , 
the two comes 
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21, From a point on a oommon chord of two conics, tangents are 
drawn, one to each conio ; then the join of the points of oontact passes 
through a meet of the common tangents. 


22. Reciprocate the Example on p. 112, taking the centre of the 
base-conic at a corner of the quadrilateral. 

23. Reciprocate No. 20, taking the centre of the base-conic at A ; 
deduce a special case when APQ,, ARS coincide. 

24. Reciprocate w'.r t. a base-conic, centre A : the locus of the central 
of a conic touching three fixed Imes and passmg through a fixed point A 
is a conic. 

f sd. If the conic S 3 is the reciprocal of the conic Sj w.r.t. the conic S„ A 
[prove that S„ S 2 , S„ have a common self-con jngate triangle. 

20V /rove by reciprocation and projection : a variable conic is in- 
scnbM in a given triangle ABC and has A, D as conjugate points, D 
being a fixed point ; prove, that the conic touches another fixed line, 

27,^‘rovo by reciprocation and projection, No. 19. 

28V*f f hree conics A, B, C touch two given lines ; P, ft, R are the 
points of intersection of the other common tangents of B, C ; C. A ; A, B 
respectively : prove that P, ft, R are colhnear. 


POINT RECIPROCATION 

We proceed to consider the special case which arises when the 
base-conic is a circle. If O is the centre of the base-circle and k its 
radius, the process is called reciprocating w.r.t. O, and k is called 
the radius of reciprocation. In general, the value of k is immaterial, 
for any change in the value of k merely changes the figure into 
another homothetic figure. Tho utility of point- reciprocation is 
due to the fact that the reciprocal of a conic w.r.t. its focus is a 
circle ; two proofs of this will be given, the first depending on 
an elementary property found in all text-books on geometrical 
conics, the seoond following logically from the present method of 
development. 



1W MECnVE GEOMETRY frsu*. 

Thftcaean 71. The reciprocal of a eorno w.r.t one of ita foci Ska 
sod passes through S if the conic is a parabola. 

Rnt Method. 

ILet S he the focus and p a variable tangent to the eonio, Y is the 
foot of the perpendicular from S to p, SY is produced to P so that 
BY . SP = 1', where jfc is the radius of reciprocation. 



Since P is the Polfc of 'p w.r.t. the circle, centre S, radius h f p ig 
the reciprocal of y. 

Now Y moves o n the auxiliary cirdo of the conic or, if the oonio 
is a parabola, on the tangent at the vertex. 

But P traces out the inverse curve of the locus of Y w.r.t, S ; 
therefore the locus of P is a circle, -which passes through S if the 
eonic ig a parabola. Q E D 

Second Method. 

Let S^be the focus of 2, and denote the circular points at infinity 
by 0 ), turf theil So, 6ci/ are tangents to 2. 

Now Sw touches the base-circle jj, centre S, at <0 ; therefore the 
reciprocal of Sm is to ; and so the reciprocal of 2 passes through w, 
and similarly through <o\ But the reciprocal of a conk is a oonio 
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(Theorem 87) ; therefore the reciprocal of 2 is a oonic through to, to', 
and is therefore a circle. 



Farther, if 2 is a parabola, it touches coco', and therefore its 
reciprocal passes through S. Q.E.D. 

Corollary. The reciprocal of a circle w.r.t. any point S is a conic 
having one fooua at S ; and if S lies on the circle, the conic is a 
parabola. 

Notation. For the sake of brevity, a definite notation is adopted 
for the remainder of the chapter. 



Fig. 84. 


The circle cr and the oonic 2 are reciprocally related to each other 
by the base-cirole fi, whose oentre is the focus S of 2 and whose 
radius is k ■ E is the oentre and c is the radius of <r ; C is the oentre 
and a, 6 are the semi-axes of 2 ; l is the length of the semi-I&tus 
rectum SL. of 2. 
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Theorem 72. (I) The point S and the line at infinity are 
reciprocals, 

(2) The points at infinity on 2 are reciprocal to the tangents 
from S to a. 

(3) The asymptotes of 2 are reciprocal to the points of oontact 
■with <t of the tangents from S to o- 

(4) 2 is an ellipse, parabola, or hyperbola according as 5 lies 
inside, on, or outside <r 

These results follow at once from the fundamental properties of 
poles and polars, and especially the result that the reciprocal of a 
point and its polar is a hne and its pole 

Theorem 78. (1) The point C and the polar of S w r.t. <r are 
reciprocals. 

(2) The directrix of 2 and the point E are reciprocals 

(1) C is the pole of the lme at infinity wit 2, therefore its 
reciprocal is the polar of S w r t tr [Theorem 89 ( 1 ) ] 

(2) The directrix of 2 is the polar of S w r t 2 , therefore its 

ciprocal is the pole of the lme at infinity w r t cr, that is the 

mtreEofo-. [Theorem 69 (1) ] Q E D. 


EXERCISE VH. b. 

1. Prove that a system of parallel lines reciprocate into a system of 
points collmcar with the origin S 

2. What is the reciprocal of the extremities of the amor axis of a 
conic w r t a focus S ? 

3. ABO is a triangle, SA meets BC at P , what is the reciprocal of P 
w r t S ? 

4. What is the reciprocal of a quadrangle w r t a diagonal point ? 

5. A circle is reciprocated w r t a point outside it , -what are the two 
Eyperbota? ^ ® Whl ° h Correspond the two branches of the reciprocal 

6 What is the reciprocal of a pair of conjugate diameters w r t a focus 
©I toe oomc y 


7. What is the reciprocal of two citcIbb w r t. a centre of similitude ? 

5® CIp f 0 D a ^ A , iwo vucles touch at A. a lme PAQ meets 
the circles at P, Q ; then the tangents at P, Q, are parallel 
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9. Given four pomte S, A, B, C, prove that m general four conics 
can be drawn through A. B, C having S as focus, and that three of them 
are hyperbolas with A, B, C not all on the same branch, while the remain- 
ing one may be an ellipse, parabola or a hyperbola with A, B, C on the 
same branch. 

10. Two conics touch at A, cut at B, C and have a common focus S , 
if S lies on BC, what is the reciprocal figure w r t S ? 

11 A conic touohes two fixed lines and has a given focus , find the 
locus of its oentre 

12. Three conics have a common focus , prove that the meets of the 
common tangents of the conics, taken in pairs are collmear 

lJ^If two comos have a common focus, prove that a pair of common 
chords will pass through the meet of the directrices corresponding to 
that focus 

14 A variable conic passes through two hxod points and has a given 
focus , prove that its directrix passes through one of two faxed points 

15 Reciprocate (i) w r t C, (u) w r t any point the locus of the 
centre of a variable circle which touches a fixed circle, centre C, and 
also a fixed straight lino is a parabola, focus C 

10. A variable come 2 touches mtemalR each of two fixed comes at 
variable points P, Q If the three conics have a common focus, prove 
that the pole of PQ w r t Z bee on a fixed line 

17. Reciprocate (l) w r t. A In) w r t any point Si, S 2 are two fixed 
circles, centres A B , a variable circle Z touches Sj, S s , then the locus 
of its centre is two confocal conics, A, B being the focL 

18 PQ is a double ordinate to the axis of a parabola, if the line 
joining P to the foot of the perpendicular from the focus S to the 
directrix cuts the curve again at P', prove that P Q passes through S 

19 A variable parabola touches a fixed conic and has its focus at one 
of the foci of the given conic , prove that its directrix touches a fixed 
circle 

20. P is a point on a parabola, focus S , SP and the tangent at P 
meet the directrix in M, M' , the joins of M, M' to the vertex meet the 
Curve again at Q, Q' , prove that QQ/ passes through S 

21 If two of the six meets of four tangents to a parabola he on the 
axis, prove that the remaming four are equidistant from the focus 
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Tbsanm. ?4. (1) With the previous notation, c - j- 
12) If the perpendicular through S to £S meet cr at H, then 



Fib. 65. 


(1) Produce SL to Q so that SL . SQ - 1' 1 ; draw QN perpendicular 
to SQ ; QN is by definition a tangent to cr ; let N be its point of 
contact. 

Since i_ENQ=tK)°, ESQ.N is a rectangle. 

„ ft* & 

•• c=EN=SQ,==g L = r Q.E.D. 

(2) The reciprocal of H is a tangent to 1, parallel to the major 

axis. Therefore the distanoe of this lino from S is equal to the 
semi-minor axis. ^ 

& = SH Q.E.D. 

EXERCISE VH. c. 

1. WOtSHhe usual notation, ur»re that a ~ r , -gg f ■ c - 
{Sfcmve that the ecoentrieity of 2 equals —• 
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8. What if the reciprocal of the second focus of 2 ? 

4. What if the reciprocal of the minor axis of 2 f 

6. What ia the reciprocal of (i) the foot of the perpendicular from 8 
to the corresponding direotrix, (ii) two conjugate point* on this directrix, 
(iii) the extremities of the principal axes ? 

6. Prove that a system of equal circles reciprocate into a system of 
conics having a common focus and equal latera recta, 

7. Prove that the major axis of an ellipse which is the reciprocal of 
the circumcircle of a triangle w.r.t. its in-circle is equal to the in-radius. 

8. Two coaxal parabolas have a common focus S ; prove that the 
sum of their latera recta equals 4SP, where P is one of their common 
points. 

9. Two oonios with the same focus and directrix are such that 
triangles can be inscribed in one and at the Bame time circumscribed to 
the other ; prove that the eccentricity of one is twioe that of the other. 

10. Two conics having a common focus interseot at two and only two 
real paints P, Q ; H, K are the poles of PQ w.r.t. the conics ; prove that 
H, S, K are collinear. 

llVl is the in-centre and r the in-radius of an equilateral triangle 
ABC ; a hyperbola is drawn to circumscribe ABC and have one focus 
at I ; prove that its eccentricity = | and that its latus rectum = Jr. 

12. A variable conic has a given focus S and touches two 6xed lines 
OA, OB ; prove that its minor axis envelopes a parabola, of which S 
arid a line through O are focus and directrix. 

ISNffteciprocate w.r.t. P : T is the pole of a chord QR of a circle 
PQR ; PL, PM, PN are the perpendiculars from P to QR, TQ, TR ; 
then PL» = PM . PN. 

14. PQR is a triangle circumscribing a parabola, focus S ; if R' is 
the point of contact of PQ, prove that SR . SR' = SP . SQ. 

15. Reciprocate w.r.t. O : the envelope of the polars of a fixed point O 
w.r.t. a system of equal circles passing through a fixed point is a conic. 

16. O is the cireumcentre of the triangle ABC : prove that the major 
axis of the conic inscribed in ABC with one focus at O is equal to OA. 

17. PQ is a variable ohord of an ellipse, eoeentricity e, subtending a 
right angle at the focus S ; prove that the locos of the pole of PQ iB a 
hyperbola, parabola, or ellipse according as e >, =, < J s /2. 

18. \r is the orthocentre of a triangle ABC ; S t is a oonic having H as 
focus And AB as directrix ; S 2 is a* oonic having H as focus and AC as 
directrix. If S,, S, touch BC, prove that their minor axes are equal. 

lV A, A' ; B, B' ; C, C' are the pairs of opposite vertices of a quadri- 
lateral oiroumscribing a parabola, focus S ; prove that 
SA , SA'=SB . SB' = SC . SC'. 
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-M ThJ sides of a triangle ABC touch a parabola at P, Q, R ; If S is 
thefocus, prove that SA . SB . SC — SP . Sft . 8R. 

21. A Mid B are two circles ; P is the reciprocal of A w r.t. B, and Q 
ia the reciprocal of B w r.t. A ; show that the ratio of the latera recta 
of P and Q is equal to the cube of the ratio of their eccentricities. 

28. D. E, F are the raid-points of the sides of a triangle ABC ; O is 
the orthocentre of the triangle DEF Prove that the two comos having 
O as foous and inscribed respectively in the two triangles have equal 
eccentricities. 

Theorem 75. If the lines p, q are the reciprocals of the points 
P, Q w.r t. a point S, then the angle PSQ, is equal to the angle 
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SP, SQ, are by definition perpendicular to p, q. 

l. PSQ = angle between p, q. Q.E D. 


J 


EXERCISE VII. 3. 

What is tW reciprocal of : 

(i) Vtriangle w.r.t. its orthocentre, 

(iihA parabola w.r.t. a point on the directrix, 
(liilvg/conic w.r.t. a point nn the director circle ? 


2. What is the reciprocal of two orthogonal circles [i) w.r.t. anv 
point, (ii) w.r.t a point of intersection ? 

8. An asymptote CE ot a hyperbola meets a directrix at E ; 8 is the 
corresponding focus , prove that L CES =90°. 
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4. Two parabolas have a common focus S , prove that their common 
tangent subtends at S an angle equal to the angle between their axes. 

6. Two chords PR, QR of a conic meet the directrix at L, M ; 8 is 
the corresponding focus ; prove that L LSM =90°±iZ. PSQ. 

6. Find the envelope of a variable chord Of a conic subtending a 
constant arfgle at the focus ; find also the locus of its pole. 

7vPQR is a variable triangle circumscribing a conic, focuB S ; L PSQ 
is constant , find the locus of R. 

8. If two parabolas have a common focus, prove that their common 
chord bisects the angle formed by the directrices 

0. If two parabolas, having a common focus, cut at P, Q, prove that 
their common tangent is parallel to a bisector of L PSQ. 

10. If two parabolas have a common focus and their axes m opposite 
directions, prove that they cut orthogonally. 

11. Find the loous of a point from which tangents to a fixed parabola 
are inohned at a oonstant angle 

12. A conic, insenbod m the triangle ABC, touches BC at A' , S is a 
focus ; /jprove that L BSA' + L ASC = 180°. 

rlVD is a fixed point on a conic, PQ is a variable chord such that 

■ POQ =90 3 ; prove that PQ passes through a fixed point. 

14 . Prove that the opposite sides of a quadrilateral circumscribing an 
ellipse'subtend supplementary angles at a focus. 

15. If two parabolas have a common focus, prove that the line joining 
the focus to the meet of the directrices is perpendicular to the common 
tangent. 

16. Prove that the locus of the foot of the perpendicular from the 
focus of a parabola to a variable tangent is a straight line. 

17. ABCD is a quadrilateral circumscribing a conic ; AC, BD meet 
at a focus , prove that. AC ^perpendicular to BD. and that the directrix 
is the othpr diagonal.^/ 

18. ^Pne tangents from a variable point P to a conic meet the directrix 
in conjugate points , find the locus of P 

19. PQ, PR are two chords of a rectangular hyperbola such that 
L QPR =90° , prove that the tangent at P is perpendicular to QR. 

20. The tangent at any point P of a hyperbola cuts an asymptote 
at T ; a lme through P parallel to that asymptote cuts the directrix at 
K , prove that KT subtends a right angle at the corresponding focus. 

21. SP is drawn through a focus S of a hyperbola, parallel to an 
asymptote, and cuts the curve at P ; prove that the tangent at P meets 
the yther asymptote on the latus rectum produced. 

Two conics have a common focus S and two real common tangents ; 
from a variable point P on one of the common tangents, two other 
tangents PX, PY are drawn to meet the secon ’ common tangent in 
and Y ; prove L XSY is constant. 
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It, D U any point on the circumcircie of an equilateral triangle ABC ; 
prove that a parabola oan be described having D ae focus and touching 
AB, BC, CA at their meets with DC, DA, DB respectively. 

84. On the tangent PT at any point P on a conic, a length PT is 
measured so as to subtend a right angle at a fixed point inside the conic ; 
prove that the locus of T is the polar reciprocal w.r.t. 0 of the envelope 
of normals to the reciprocal oonio. 

Theorem 70. (1) A system of conics having a common focus can 

be reciprocated into a system of circles : and if the latera recta of 
the conics are equal, the circles are of equal radii ; and conversely. 

(2) A system of conics having a common focus and a common 
corresponding directrix can be reciprocated into a Bystem of con- 
centric circles ; and oonversely. 

(1) follows at once from Theorems 71, 74 (1). 

(2) follows at once from Theorems 71, 73 (2). 

Theorem 77, (1) A system of confooal conics oan be reciprocated 
into a system of coaxal circles. 

(2) A system of coaxal circles, reciprocated w.r.t. a limiting point 
becomes a system of confooal conics. 

(1) Reciprocate w.r.t. one of the foci: then the conics become 
circles. But, by definition, a system of confocals have four fixed 
common tangents. Therefore the reciprocal system of circles have 
four common points ; two of these are the circular points at infinity, 
and the join of the other two forms the radical axis of the system. 

(2) Let L, L' be the limiting points. Draw L'H perpendicular to 
LL' : then L'H is the polar of L w'.r.t. each circle of the system. 

Reciprocate w.r.t. L ; then each circle becomes a oonio with one 
focus at L But L'H, the polar of the origin w.r.t. each circle, 
reciprocates into the pole of the line at infinity, t.e. the oentre, of 
each conic. Therefore the reciprocals are conics having one common 
focus and a common centre : they are therefore confocal ooniog, 

Q.E.D. 

Corollary. When a coaxal system is reciprocated w.r.t. a limiting 
point, the radical axis reciprocates into the seoond focus, and the 
seoond limiting point reciprocates into the minor axis. 

This follows from the fact that the radical axis is mid-way between 
the origin L and the line L'H, which becomes the centre. 
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Hate. The following alternative treatment of Theorem 77 deserves 
notice. 

S, H ; 8'H' are the pairs of foci of a system of confocals ; Q, G' 
are the circular points at infinity. Denote the lines 8SI, SO', 




HO, HO' by a, b, e, d. Reciprocate w.r.t. S. The reciprocal of 
SO (or a) is the point 0, since the line SO touches any circle, centre 
S, at 0 ; we denote this by A, as usual : similarly the reciprocal of 
SO' (or 6) is O', which we denote by B. Consequently in the 
reciprocal figure, A. B denote the circular points at infinity, and the 
lines w, o' are the reciprocals of 0, 0' ; the lines c, d become points 
C, D on <o, <o' : the joins of C, D ; C, B ; A, D are h , h', s'. 

Any confocal (since it touohes a, b, c, d) becomes a oonic through 
A, B, C, D, i.e. a circle through C, D. Hence the reciprocal system 
is a set of coaxal circles having CD or h as radical axis : the radical 
axis is therefore the reciprocal of the second focus. 

Moreover, the point-circles belonging to this system are the 
isotropic pairs of lines ACS, BDS and AMD, BMC, which yield the 
point-cirolo S and the pomt-circle M, where M is the meet of AD, BC 
and is the reciprocal of m, the join of ad, be or S', H', i.e. the minor 
axis. The limiting points of the coaxal system are therefore the 
focus S, taken as origin, and the reciprocal of the minor axis. 

Since the figures are reciprocal in every respect, either may bo 
regarded as generating the other, by reciprocation. 
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EXERCISE VII. 6. 

lyif two eonfocals intersect, prove that they ont orthogonally. 

8. A system of conics have a common foous and directrix; prove 
that the polars of any given point wrt the system are concurrent 

8 A system of comos have a common focus and touch eaoh of two 
parallel lines prove that the corresponding directrices are concurrent, 
that the centres are colhnear, and that the asymptotes envelope- a circle 

4. A line drawn through a limiting point L of a coaxal system of 
circles cuts one of the circles at A, B The tangents at A, B cut another 
oircle of the system at P, Q and R, S respectively , prove that 
Z.PLR = _QLS 

5VA system of hyperbolas have a common focus and a common 
corresponding directrix , • find the envelope of the asymptotes 

8. Prove that confoeal conics of reciprocal eccentricities intersect 
at the extremities of their latera recta 

7. Prove that the locus of the pole of any tangent to the director 
circle of a conic wrt that conic is another concentric conic 

8. Two conics have a common focus S and a common corresponding 
directrix , a tangent at P to one meets the other at Q, R , prove that 
iQSP^Z.PSR 

9 SL is the semi latus rectum of a parabola, focus S , an ellipse is 
drawn through S to have four point contact with the parabola at L , 
provm ttfat it touches the axis of the parabola 

KPrA variable circle passes through two lived points A, B, and cuts 
two fixed lines through A in P, Q , find the envelope of PQ [Reciprocate 
wrt B ] 

11 S is a focus of the conic <r, , a 2 is a conic havmg S as focus and 
any tangent of cr, as the corresponding direr Im If <r 2 touches the 
minor axiB of a l prove that the conics are of equal eccentricity 

12 The conics S,, S 2 have a common focus and equal eccentricities 
if the directrix of S. is an asymptote of S lt prove that- the minor axis 
of Si is an asymptote of S 2 

Theorem 78. If Si and S 2 are two given conics, there exists in 
general a conic S such that Sj S 2 are reciprocal wrt S 

Project Sj and S 2 into two conics S/, S 2 ', bav ing a common centre 
and the same principal axes [If PQR is the common self conjugate 
triangle, this is effected by projecting QR to infinity and _ Q,PR into 
a right angle ] 

Let Aj'CAj, Bj'CBj and A 2 CA 2 , B 2 'CB 2 be the principal axes of 
S,', S,' Take points A. A , B, B on CA r CB, suoh that 

CA 2 =CA' S =CA, CAj, and CB' = CB 2 = CBi CB a . 
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Let S' be the conic having A'CA, B’CB as principal axes. Then 
the reciprocal of S,' w.r.t. S' passes through Aj, A,', B s , B,' and has 
A a Aj', BjB,' as principal axes, and therefore coincides with S»'. 
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Therefore S/ and S 2 ' are reciprocal w r t S'. 

Therefore, projecting back, there exists a conic S w r.t which 
S, and S 2 are reciprocals. Q.E D. 

Corollary. The throe conics Sj, S 8 , S have a common self 
conjugate triangle 


EXERCISE VH. f. 


1. If two conics S !t S. are such that S s is itfl own reciprocal w r t S„ 
prove thaVS,, S 8 have double contact with each other 

2. Ur# rectangular hyperbola is reciprocated w.r t. a point O, prove 
that O lies on the director circle of the reciprocal conic. 

What sjrfcial case arises if O lies on the rectangular hyperbola ? 

8C Bfeciprocate w.r.t H the orthocentre H of a triangle inscribed in 
a recftfcgular hyperbola lies on the enrve. 

L 4. What is the reciprocal of a system of conics passing through four 
fixed points w r t a vertex of the common self conjugate triangle f 

5. PQ is a variable chord of a rectangular hyperbola, subtending a 
right angle at a fixed point O, not on the curve . prove that PQ envelojpes 
a parabola, having O as focus 

8. A variable conic touchee three fixed lines, and its director circle 
passes through a fixed point , prove that the conic touches another 
fixed line 
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7. Prove that the reciprocal of a parabola w.r.t a parabola „ a 
(tonic with one asymptote parallel to the axis of the seoond parabola 

jirvi a axed Una meets a system of oonoentrio oircl#*, piov* Ox\f a,, 
tajfscta at the points of intersection envelope a parabola. 

9 , Prove that the envelope of chords of an ellipee which snbt^mj B 
right angle at the centre is a oonoentric circle. 

9ft (IVTrove that a oonic reciproeated w.r.t. O becomes a reotang^^ 
hyperbola it and only if. O lies on its direotor circle. 

(2) ^fhve that any two oonlcs can lie reciprocated into reotapgg^ 
hyperbolas. 

(8)Jrrove that the director circles of a system of conics touching y 01lr 
straight lines are coax&h 

11. p is a variable tangent to a fixed conic ; P is the oentre <,f th e 
circle which is the inverse of p w.r.t. a fixed paint O and fixed tae|j us 
of inversion k ; prove that the locus of P is a conic. 

12. Prove that the reciprocal of a hyperbola, eccentricity e, w rt a 
parabola having a oommon focus and directrix, is an ellipse of ecoen{ r ; cl ty 

- with the same focus and directrix, 
e 

18. Two conics S 1( S 2 have the same asymptotes OA, OB ; the po] ar 
of a variable point on Si w.r.t. S 2 meets OA, OB at P, Q ; prove tb, lt ( f K , 
triangle OPQ, is of constant area. 

14. A hyperbola and a parabola have a common focus and touch one 
another, and their common chord, length 2 c, jiasses through the f ocus ; 
if 2 i =the latus rectum of the parabola, prove that the eccentricity e 0 f 

the hjmerbola is given by e ! =5 ±4 


19r With the foous of a hyperbola as centre, a circlo is drawn touching 
the asymptotes ; P is the pole w.r t. the hypeibola of a tangent t 0 the 
circle ; if this tangent meets the directrix at Q, prove that PQ, touches 
the circle. 


lfl^fhe m-centre of a triangle self-conjugate to a hyperbola is one 
of the foci ; if e is the eccentricity and I the semi-latus rectum, prove 

that the in-radius =-rry- 

17. A system of conics have a common focus and a corres P%din^ 
directrix ; prove that the normals to the comes at the extremity 0 f 
the latera recta through the common focus touch a fixed pcrabola. 

18. Find the condition that xy^c 1 may be its own reciprocal wr t 


\A*' A conio S is the polar reciprocal of itself w.r.t. another coi\[ 0 g'. 
Prove that the ctoies touch at two distinct point* P, Q ; that any chord 
of S through the pole of PQ is divided harmonically by S' ; anq that 
S' is the polar reciprocal of itself w.r.t. S. 



CHAPTER VIII 

HOMOGRAPHIC RANGES AND PENCILS 


Although a knowledge of the fundamental property of the cross- 
ratio of a pencil of four concurrent lines dates back to Pappus, the 
general theory of ranges and pencils is essentially modern, and may 
be regarded as starting with Desargues and culminating in the 
comprehensive Qiometrie Sapirieure of Chasles, published in 1852, 
a treatise of remarkable originality. Chasles’ discovery of the 
double points of cobasal homographie ranges led him to an ingenious 
method of solving a wide group of constructions, and his general 
theory of involution has afforded a new means of introducing imagi- 
nary elements into pure geometry. To weigh, however, the influence 
of Chasles on the progress of geometrical research, it is necessary 
to take into account his invaluable liisforical investigations of the 
work done in former centuries, contained in his Aperfu Hislorique. 

For convenience of reference, we shall first enumerate certain 
standard theorems on cross-ratios. [Durell’s Modern Geometry, 
pp. 65-75.] 


(1) The cross-ratio of the 
range formed by four collinear 
points A, B, C, D is 


{ABCD} - 


AB . CD 
AD . CB' 


The cross-ratio of the pencil 
formed by four concurrent lines 
a, b, e, d is a a 

, , , sin ab . sin cd 

{abcd\ = g A’ 

sin ad , mn cb 


(2) If the joins of corre- If the meets of corresponding 
sponding points of two 4-point rays of two 4-ray pencils are 
ranges are concurrent, the ranges collinear, the pencils are equi- 
are equi-cross. cross. 
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iS$ B two equi-oross 4-point 
rangae» on different bases, have 
& self -corresponding point, the 
jama of tile other corresponding 
pointaare concurrent. 

(4) (A BCD} is unaltered in 
vain©, if, when any two letters 
are interchanged, the other two 
letters are also interchanged 

(5) If {ACBD} = {ADBC}, the 
range {AB ; CD} is harmonic. 

(6) If A, B, C are three fixed 
oollmear points, and if I is a con- 
stant, then there is one and only 
one point X such that {A BCX} = k. 


If two equi-cross 4- ray pencils, 
with different vertices, have a 
self -corresponding ray, the meets 
of the other corresponding rays 
are oollinear. 

{abed} is unaltered in value, if, 
when any two letters are inter- 
changed, the other two letters 
are also interchanged 

If [add] = {adbc], the pencil 
[ah ; cd) is harmonic. 

If a, 6, c are three fixed con- 
current lines, and if I- is a con- 
stant, then there is one and only 
one line .r such that { abex) — k. 


Analytical Treatment 

(I) A, B, C are three fixed points on a base l ; A', B', C' are three 
fixed points on a base l ' ; 0, O' are fixed points, taken as origins, 
on l, V. X, X' are variable points on l, V respectively such that 
I MJCX' - B'C'X' . It is required to find the relation connecting 
the positions of X, X'. 

Let OA = a, OX-x ; 0'A'=o', 0'X'=x' ; etc. 

, T AB . CX A'B' . C'X' . , . _ v 

Now AXTc B = A'X' . C'B ' S> ven : but CX=^-c. etc. 

.". I . =k' . X -, — C ,, where k, k' are constants. 

x -a x -a 

pxx' + qx + rx' + s =0, 

where p, q, r, s are constants ; which is the required relation. 

(II) O, O' are fixed origins on the fixed lines l, l ; X, X' are 
variable points on l, l' subject to the condition 

pxx’ + qx +rx' + 8 = 0, 

where OX =x, O'X'—x'; p, q, r, s being constants such that pe+qr. 
Then the range formed by any four positions of X is equi-eross with 
the range formed by the four corresponding positions of X'. 
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Let Xj, x t , x t , x 4 be the coordinates of any four points on l, Mid 

let *j', x,', x s ', x t ' be the corresponding points on V. 

„ . , (x« - x.)(x, - xA . rx.' + s 

Now {* 1 .r^r 3 J 1 } = ' ^ i— ? ( ; also x,= given. 

■ x _ x = r: V + * _ ra y + a _ (V-x/Hp* - g r) _ 

* 1 p x 1+9 pV+ 9 (W+?7uwV+?)’ 

Similarly, x t - x 3 = - X3 )j? s ,^ r \ , etc. 

3 (P^' + 9)(W+?) 

Therefore simplifying, since pa - gr # 0, we have 

(x„ - *i) ( s 4 - a ;,) = (j„' - x l ')(x 4 ' - x 3 ') . 

{x i -x i )(x i ~x 3 ) (* 4 '-*,')(x 2 ' -*3') ’ 

{aqXjX-py = {x/x/x/x/}. Q.E.D. 


Note. The condition pa-qr f 0 secures that the given relation 
pxx' + qx + rx' +s = 0 does not break up into linear factors. 

But if ps — qr, 

pxx + qx + rx‘ + s = 1 (p 2 xx' + pqx + prx’ + pa) 

^^(jtxx'+pqx+prx' + qr) = ~(px + r)(px' +q). 
And in this case, if x = - - , x‘ can have any value at all ; 


and if x± - x' must equal - 

p P 

The relation between X, X' is therefore no longer (1, 1). 


Definition. If A, B, C, ... X, ...; A', B', C', ... X', ... are two ranges 
of points on the same or different bases, and if the cross-ratio of any 
four points of one range is equal to that of the four corresponding 
points of the other, the two ranges are said to be komographic. 

We may state the results of (I) and (II) as follows : 

The existence of a relation of the form pxx' + qx + rx' + s = 0, where 
p, q, r, 8 are constants, subject to ps A qr is the necessary and sufficient 
condition that two ranges, generated from it, are homographic. 

The fundamental characteristic of the homographic relation is the 
fact that it sets up a one-to-one correspondence. To any point of 
either range, there corresponds one and only one point of the other 
range. 
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Definition. If two homographic ranges have a common base, a 
point on the base which corresponds to itself for the two ranges is 

«»Ced a doable point. 

<m) Two homographic ranges on the same base have always two 
doable points, which may be real, coincident or imaginary. Further, 
if there are more than two double points, then every point is a double 
point, and the ranges are identical. 

Let the relation be pxx' + qx + rx' + s = 0. 

For a double point, x—x'. 

px^ + gx + rx + s-O or pi a + (g + r)r + i = 0. 

This is a quadratic, and therefore has two roots, which may he 
real, coincident or imaginary. 

Therefore there are two double points. 

If, however, there are more than two double points, the quadratic 
is satisfied by more than two values of r, and so each coefficient 
must be zero. 

p=0, q + r—0, « = 0, and the relation becomes 
q(x-x') = 0, 

in which case the ranges are identical. Q.E.D. 

(IV) If one of the double points is at infinity, the ranges are 
similar, t.e. the line joining any two points is proportional to the 
line joining the corresponding points. 

By hypothesis z-roo satisfies pr' 1 + [q + r)z + s=0. 

Put £ =-, then £-»0 satisfies p + {q + r)£ +s^ =0 ; 

.'. p = 0. 

.'. the relation reduces to qx + rr' + a =0, 

If y, y' ; z, are two pairs of corresponding points, 
qy + ry' +s~0 and qz+rz' +s = 0. 

.'. subtracting, q(y -z)\r(y' -z') = 0; 

— ~ -—constant. Q.E.D. 

Corollary. If two ranges on the same base are similar, the point 
at infinity on the base is a double point. 
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Definition*. 

(1) If two systems of concurrent lines are so related that the 
cross-ratio of any four rays of one system is equal to the cross-ratio 
of the corresponding rays of the other, then the two systems are said 
to form homogr&phic pencils. 

(2) If two homographio pencils have a common vertex, a line 
through the vertex which corresponds to itself for the two pencils 
ia called a doable ray. 

Let y = ro.pi, y—mpx, y = m 3 x and Y = m,'X, Y = m t 'X, Y = m s 'X be 
two sets of three concurrent lines, referred to the same or different 
axes. To a variable line y = rnx of the first set corresponds the line 
Y = m'X of the second set given by {m l m 2 m s m} = {m I 'm 3 'm 3 'm’}. 
Then, aa with ranges, wo find that pmm' + qm + rm' + s =0, where 
p, q, r, 8 are constants. This sets up a (1, 1) correspondence between 
tn, m'. 

Conversely, by the same algebra as for ranges, we see that if 
nq, ; m,, rn 3 ' ; m v m 3 ' ; m„ m t ' are any four pairs of solutions 
of the given relation 

pmm' + qm + rm' + s=0, ps4>qr, 
then {m 1 m J TO 3 »i 4 } = 

.Hence, as before, we see that : 

The existence of a relation of the form pmm' + qm + rm' +s = 0 , 
where p, q, r, s are constants subject to ps + qr, is the necessary and 
sufficient condition that two pencils, generated from it, are homo- 
graphic. 

(V) Two homographic pencils with the same vertex have always 
two double rays, which may be real, coincident or imaginary. 
Further, if there are more than two double rays, the two pencils are 
identical. 

The proof is similar to that of (III). 
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(VI) An angl e POP' of constant magnitude rotates about a fixed 
TOrtex 0 ; then the rays OP, OP' generate homographic pencils, 
having as doable rays the isotropic lines through 0. 

Let y—mx, y — 'm.'x be two positions of OP, OP'. 

Then ^ — — , = c, where c is constant, given; 
l+mtn 

,*. cmm' -m+m' + c=0. 
the rays generate homographic pencils. 

To obtain the double rays, put m=m' ; 

cm*+c=0 or m*=-l, sinoe c-f 0. 
m= ±i, and the double rays are y= ±tx. Q.E.D. 

Corollary. If the isotropic lines are the double rays of two homo- 
graphic pencils with the same vertex, then corresponding rays are 
inclined at a constant angle. 

It is merely necessary to reverse the order of the argument used 
to prove (VI). 


EXERCISE Vm. ft. 

1. A, A' ; B, B' ; C, C' are pairs of corresponding points on a line 
through O; OA = l, OB = 2, QC =3 ; OA' = l, OB'=3, OC'=6. Prove 
that the corresponding homographic relation is xx' +9r -lx' -3=0, 
and determine the double points. 

2. Two homographic ranges are defined by xx' + x - x' + 1 = 0 ; deter- 
mine points m the secpnd range corresponding to * = - 1, +1, 0, oo, and 
determine points in the first range corresponding to a:' = 2, -2, 3, oo. 
Verify the oross-ratio property m each case. 

8. P, P' are a variable pair of corresponding points of the ranges 
defined by pxx' -t-qx + rx' whoBe bases are i, V. The point I on f 

corresponds to oo on l' and the point J' on l' corresponds to oo on l ; 
prove that PI*. P'J' is constant. 

4 . Two homographic ranges on the same base are defined by 
xx' — x -4z' + 6=0, 

referred to the same origin ; « is any point on the base at distance £ 
from the origin ; A', A are the two points whioh correspond to a accord- 
ing as it is regarded as a point of the arrange or the m'-range ; prove 
, 3(£-2)(£— 3) 

that A"A=- ^ _ » What can you say about the points for which 

£—2 and £ = 3 T Also about the points for which £ = 1 and £e=4 ? 
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6. Two homographic ranges whose bases are the ar-axis and y-axts 
are defined by xy -x - 4y + 6=0. Find the points P, Q,' corresponding 
to the origin for the two ranges. If I, J' correspond to the points at 
infinity on the two bases, prove that PQ' is parallel to LT. 

6 . Prove that a variable tangent to a parabola generates similar 
ranges on two fixed tangents. [With the faxed tangents as axes, the 
parabola may be written Jax + Jby = 1. ] 

7. The relation defining two homographic pencils is 

mm' + m - m' + 1 = 0 ; 

find the four rays corresponding to x — 0, y = 0, y—x, y = -x, and prove 
that they form a harmonic pencil. 

8. If the cross-ratio of the lines y=mx, y = tx, y — m'x, y = ~tx m k, 
prove that the angle between y = mx, y = m'x is ^ log k radians 

9. If Uj = Oj* + b x y + Cj, u, = a^c + b t y + c„ prove that the pair of lines 

u,-Xfcu i =0, u, - \n t =0, where X vanes, generate homographic pencils. 
What are the double rays ? * 

10 . What relations connect p, q, r, a if the isotropic lines are the 
double rays of the pencils defined by pmrn' +qm+rm' +s=0 T 


Geometrical Treatment. Corresponding to each perspective 
property of homographic ranges, there exists a dual theorem for 
homograpliic pencils. Since the proof can be effected by the 
ordinary verbal alterations (see p. 113), we shall enunciate the 
theorem and leave the reader to supply the proof. 
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Theorem 79. A, B, C are three fixed points on a base l ; A', B’, C' 
are three other fixed points on a base l'. It is possible to construct 
in on* and on iy one way pairs of points P, P' ; 0, Q,' ; ... on l, l' 
such that the cross-ratio of any four of the points A, B, C, ... P, ft, ... 
is equal to that of the corresponding points of the range A', B', C' ( ... 

P', Q.' 



Take any two points V, V' on AA' ; B", C” are the meets of VB, 
V'B' ; VC, V'C’ ; and l ' is the join of B'C". 

Take any point P on l : let VP meet V at P\ and let V'P" meet V 
at P\ Similarly, if Q, R, S, ... are any points on l, construct the 
corresponding points Q,", R', S', ... on l’ and ft', R', S', ... on V- 

Then {PQRS1 = VfPQRSl = {P'Q'R'S"} = V'{P"Q,'R'S'} 

= {P'Q'R'S'}. 

The construction is therefore always possible. 

But, by (6) on p. 130, for any given point P there exists only one 
point P' suoh that {A'B'C'P'} = {ABCP}. Therefore the construction 
is unique. Q.E.D. 



vm ] HOMOGRAPHIC RANGES AND PENCILS 137 


Theorem 80. a, b, c are three fixed lines through a vertex L ; 
a', b’, c' are three other fixed lines through a vertex L'. It is possible 
to construct in one and only one way pairs of lines p, p’ ; q. q ' ; ... 
through L, L' such that the cross-ratio of any four of the lines 
a, b, c, ... p, q, ... is equal to that of the corresponding lines of the 
pencil a', b', c', ... p\ q', ... . 



This is the dual of Theorem 79; the figure has been lettered so 
that it corresponds in every respect to that of Theorem 79. 


Theorem 81. (1) If two ranges {A, B, ... P, ... }, {A', B', ... P', 

are each homographic to a third range {A 1( Bj, ... P,. ...}, then they 
are homographic to each other. 

(2) If two pencils {a, b, ... p. {a', b', ... p’, ...} are each 
homographic to a third pencil {a,, b v ... p v ...}, then they are 
homographic to each other. 

Since {PQRS} = {P 1 Q 1 R 1 S 1 } and {P'Q'R'S , } = {P 1 Q 1 R ] S 1 ), 

{PQRS} = {P'Q'R'S'}. 

.'. the ranges {A, ... P, ... }, {A’, ... P', ... } are homographic. 

A similar proof applies to the dual theorem. Q.E.D. 
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' llmirtll 88. Homographio ranges reciprocate into homograpbio 
pe&elis; and conversely. 

Thia loGows at once from the faot that the cross-ratio of four 
points is equal to that of their polars. 

Vote. Theorems 79, 80 remain true if the bases l, l' or the vertices 

L' coincide. Thus, if l, V coincide, it is only necessary to take an 
auxiliary base l t (preferably through A) and construct on it a range 

A,, B„ C„ ••• Pi, ••• homographic to A, B, C, ... P and then 

construct on V the range A', B', C', ... P', ... homographic to 

Aj, Bj, Ci, ... Pi, ... • 

If L, L' coincide, a dual method may be used, taking an auxiliary 
vertex (preferably on a). ’ 

Wo may now re-state Theorems 79, 80 as follows : 

Theorem 79. {Alternative Form.) Homographic ranges on the 
same or different bases exist, and are determined uniquely when 
three given points on one base correspond respectively to three 
given points on the other base. 

Theorem 80 . (Alternative Form.) Homographic pencils with the 
same or different vertices exist, and are determined uniquely when 
three given lines through one vertex correspond respectively to 
three given lines through the other vertex. 

Definitions. 

(1) Two ranges are said to be in perspective if the joins of corre- 
sponding points are concurrent. 

(2) Two pencils are said to be in perspective if the meets of corre- 
sponding rays are collmear. 

(3) Two ranges (A), (A') are said to be projective if one or more 
ranges (Aj), (A,), (A 3 ), .. can be found such that each of the ranges 
(A), (A,), (A,), (Aj), ... (A') is in perspective with the range following 
it in the sequence. 

(4) Two pencils (a), (a') are said to be projective if one or more 

pencils (cq), (a,), {a,), ... can be found such that each of the pencils 
(°)> (<*i). (“»). ••• (o') is in perspective with the pencil following 

it in the sequenoe. 
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Theorem 88. (1) Projective ranges are homographic, and con- 
versely, homographic ranges are projective. 

(2) Projective pencils are homographio, and conversely, homo- 
graphic pencils are projective. 

These results follow at once from Theorems 70, 80. 

Theorem 84. (1) If two homographic ranges on different bases 
have one self -corresponding point, they are in perspective. 

(2) If two homographic pencils with different vertices have one 
self -corresponding ray, they are in perspective. 

These results follow at once from (3) on p. 130. 

Theorem 85. If two homographic ranges {A, B, ... P, Q, ... }, 
{A', B', . . P', Q', ... } have different bases l, l’, then the meet of 
PQ,', P'Q lies on a fixed straight line. 


f 

O' 



Case I. Suppose the ranges are in perspective, so that AA', 
BB', ... PP\ ... meet at a point O. 

Let V be the meet of l, l' and H the meet of PQ', P'Q. 

By the harmonic property of the quadrilateral, V{PP' ; OH) is 
harmonic ; but VP, VO, VP' are fixed lines. 

.'. VH is a fixed line. 


Q.E.D. 
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Cue 1L If the ranges are not in perspective, the meet of l, l' is 
not a self-corresponding point in the two ranges. Denote the meet 
of l, l’ by C or D', according as it is regarded as belonging to (A) 
or (A') ; C', D denote the points corresponding to C, D\ 



Now, by hypothesis, P{P'Q'C'D') = P'{PQCD}. 

These have a self corresponding ray PP' ; therefore the meets of 
PQ', P'Q ; PC', P'C ; PD'. P'D are colhnear. But the meet of 
PC', P'C is C', and the meet of PD', P'D is D. 

.'. the meet of PQ', P'Q lies on the fixed line C'D. 


Q.E.D. 
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Theorem 88. II two tomographic pencils {a, b, .. p, q, . }, 
{a', V, ... p', q', . . } have different vertices L, L', then the join of 
pq', p'q passes through a fixed point. 

This is the dual of Theorem 85 ; the proof of Case I presents no 
difficulty In order to assist the reader m the proof of Case II we 
append the figure, lettered in dual fashion. 



Definitions. 

(1) If {A, P, Q, }. {A', . P', Q' } are two homographic 

ranges on different bases, the straight line which is the locus of the 
meet of PQ', P'Q is called the cross-axis of the two ranges. 

(2) If {a, . p, q, }, (a', p’. q\ } are two homographic 

pencils with different vertices, the fixed point which lies on the join 
of pq’, p'q is called the cross-centre of the two ranges. 

These names are due to Dr Filon the alternative terms employed 
are “ homoqraphrc axis ” and “ hcrmographic centre.” 
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EXERCISE Vm. b. 

I. A. B are fixed points ; P is a variable point on a fixed line ; AP, 8P 
meet another fixed line in P„ P t ; prove that P„ P, generate homo- 
graphic ranges, and find two positions m which P„ P, coincide. 

8. 0{A, B, ... P, ...}, 0'{A, B', ... P', ...} are two horoographic 
pencils ; any two fixed lines AX, AX' cut OP, O'P' at P, P' ; prove that 
PP' passes through a fixed point. 

8. The sides OR. RP, Pft ol a variable triangle pass through fixed 
points A, B, C ; P, ft move ou fixed straight lines ; prove that AR, BR 
generate homographio pencils 

4. A, B are two fixed points ; a variable line through A meets two 
fixed ltnes at P,. P, ; prove that BP,, BP, generate homographio pencils, 
and determine the two positions in which BP,. BP, coincide. 

8. A, B, H, K are four fixed points ; X is a variable point on H K ; 
AX, BX cut a fixed lino at A', B' ; HA', KB' meet at V ; prove that the 
locus of Y ia a straight line concurrent with AB, A'B'. 

8. PftR is a variable triangle of given shape inscribed m a fixed 
triangle ; prove that its vertices generate homographic ranges on the 
sides of the fixed triangle 

7. A variable conio touches the sides AB, AC of a given triangle ABC 
and cuts BC at two fixed points ; prove that its points of contact with 
AB, AC generate homographic ranges. [Use projection.] 

8. A variable conic touches four fixed lines ; prove that its points of 
contact generate homographic ranges. [Project the dual property.] 

Rotation. If {A, B, ... P, ... }, {A', B', ... P', ... ) are two homo- 
graphic ranges on the same or different bases l, l', we shall denote 
the points at infinity on l, l' by J, I' and the points corresponding to 
them on V, l by J', I. 

If l, V ooincide, we shall denote the double points by E, F ; 
similarly, we shall denote the double rays of two homographic 
pencils with the same vertex by e, /. 



m] H0M0GRAPH10 RANGB8 AND PENCILS 


H3 


Theorem 87. (1) It P, P' are & variable pair at corresponding 
points of two homographio ranges, then PI . P'J' is constant. 

(2) Conversely, if L J' are fired points on the fired lines 1, l’, and 
if P, P' are a variable pair of points on l, l' such that PI . P'J' is 
oonstant, then P, P' generate homographic ranges. 

(1) By hypothesis, {PIQJ} = {PTQ'J'} ; 

. PI . QJ _PT . Q'J' QJ PT, 

"PJ.ftl P'J'.Q'I" Cut PJ~ 1_ QT' 

3-w » « 

PI . P'J' is constant. Q.E.D. 

(2) This follows at onco by reversing the order of argument in (J). 

Corollary. If l, l' coincide, and if E is a point on l such that 
El . EJ'=AI . A'J', then E is a double point of the two ranges. 

Construction for I, J', Given three pairs A, A' ; B, B' ; C, C' of 
corresponding points on a common base l, to construct I, J'. 



Draw through A any line l t , and cut off AB r AC, equal to A'B', 
A'C' ; let BBj , CC[ meet at V. 

Draw VJj, VI parallel to 1, \ respectively to meet lj, l at J,, I. 
Cut off A'J' on l equal to AJ 2 ; then I and J' are the required points. 
We have {ABC* } = V{ABC* } = VfABiCjJjl^ABiCyJj} 

= {A'B'C'J'J. 

{A BCI} = V{A BCI} = V{A B^* }= {ABjCjoo } 

— fA'B'C’x ). Q.E.D. 


Also 
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Theorem 88. If the lines IA, J'A' are rotated in opposite directions 
about I, J' through a right angle into the positions la, J'a', then the 



circle on aa' as diameter cuts the common base at two ooints E, F 
(real, coincident or imaginary), which are the double points for the 
two ranges. 

Join Ha, Ea'. Since aa' is a diameter, _ aEa' = 90°. 
the triangles IaE, J'Eo' are sinnlar ; 

, El _ o'J ' _ 

.'. El . EJ'=Ia . a'J' = AI . A'J', given. 

.’. by Theorem 87 Corollary 7 , E is a double point ; similarly, F is 
also a double point. Q.E.D. 

Not*. The reader should also draw a figure in which the order of 
points on l is A, I, A', J' ; in this case he will observe that a, a' fall 
on opposite sides of 1, so that the double points are necessarily real. 

This construction is due to Professor A. Lodge. 

If A, A and I and J' are given, the figure of Theorem 88 gives a 
simple method for constructing any corresponding pair of points 
P, P' of the ranges. 

Take any point 7r on the circle ; then air, a'ir meet the base l at a 
corresponding pair of points P, P' ; for the triangles alP, P' J 'a' are 
similar ; 

. PI JV 

•• or PI . P'J' = aI . J'a'=AI . A'J', 

so that P, P' correspond. 
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Theorem 88. (1) If E. F are the double points of the oo basal 

homographic ranges {A, . P, . . }, {A', . . P', . }, then {PEP'F} is 

constant. 

(2) Conversely, if E, F are two fixed points, and if P, P" are a 
variable pair of points on EF such that {PEP'F} is constant, then 
P, P' generate homographic ranges with E, F as double points. 

(1) By hypothesis, {PEQF} ={P'EQ,'F). 

PE QF_P'E . Q/F PE. P'F QJ E Q'F . 

PF.aE~P'F.Q'E ° r PF.P'E OF.Q'E’ 

/. {PEP'F} = {QEQ'F} ; 

.*. {PEP'F} is constant. QE.D. 

(2) To prove this, it is merely necessary to reverse the order of the 
argument in (1). 

Theorem 90. ( 1 ) If e, f are the double rays of the homographic 
pencils {a, p , {a', p' }, which have a common vertex, 

then {pep f ) is constant 

(2) Conversely, if e, f are two fixed lines and p, p' a variable pair 
of lines through ef such that {pep'f; is constant, then p. p' generate 
homographic pencils having e. f as double rays. 

This is the dual of Theorem 89 


Theorem 91. If the points it infinity on the bases 1, l of two 
homographic ranges coirespond, then the ranges are similar 
By hypothesis, {PQR» } — {P'Q'R'oo } , 


PQ P{Q' P® _ QR 
■ RQ“R~Q ° r PQ'"Q'R' 


QED. 


Corollary. If two ranges are similar, the points at infinity on 
their bases correspond to each other 


D.P G 


K 
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Theorem 9B. If {A, B, ... }, {A', B', .. } are two homographs 
oobasal ranges, there exist two positions of a point L suoh that the 
pencils L{A, B, .. }. L{A', B', ... } can be superposed, t.e. correspond- 
ing rays are inclined to each other at a constant angle : and these 
two positions of L are ‘real if, and only if, the double points of the 
ranges are imaginary. 

e. 

i \ 



Fia. 77. 


Let E, F be the double points, and let co, eo' be the circular points 
at infinity Let Eco, Fco' meet at L and Eco', Fco meet at L': then 
the isotropic lines are the double rays of the homographic pencils 
■ L{A, B, . .}, L{A', B', ...}. 

L{PcoP'co'] is constant; £.plV is constant. 

.". L is one of the required points ; similarly, L' is the other. 

Further, if E, F are imaginary points, they are conjugate imagi- 
naries, and therefore the lines Em, Fco' are conjugate imaginary 
lines, so that their meet L is real ; and similarly, L' is real. 

But if E, F are real, there cannot be any other real point on the 
lines Eco, Fco' ; therefore L is imaginary: similarly with L'; and it is 
clear that in this case L, L' are conjugate imaginaries. Q.E.D. 



Tux] HOMOGRAPHIC RANGES AND PENCILS 


147 


EXERCISE vm. c. 

J. Two homographic cobaaal ranges are defined by the pairs x =0, 
* , =|; *=6, x'=0; x = -2, x' = f ; referred to the same origin. Find 
the coordinates of I, J', E, F. 

2. IJ' is a diameter of a circle, centre O ; a variable tangent to the 
circle cute the tangents at I and J' to the circle in P, P' , prove that 
( 1 ) the triangles OIP, P'J'O are similar, (u) IP J'P' is constant, (ni) P, P' 
trace out homographic ranges 

3. Prove that EI=J'F. 

4. If O' is the point of the (A') range which corresponds to the mid- 
point O of IJ' regarded as belonging to the (A) range, prove that 

OE 2 =OF 8 -=IO OO'-OJ'.OO' 

Deduce that the double points are real if O does not lie between J’ 
and O' 

5. Two homographic ranges on the x avis are determined by 

xx' - 2ax i- a 2 + fc 2 - 0 , 

find the coordinates of the two positions of L of Theorem 92. 

8. Repeat No 5 for the relation xx' - 2nx 1 a 2 - U* — 0. 

7. Prove that two homographic pencils with a common vertex can be 
projected into pencils m which corresponding rays are inclined at a 
constant angle. 

8. A, B axo two fixed points , P, P' are a pair of variable points on 

AP AP 

AB such that DD =, is constant Prove that P, P' generate homo- 

rt> r D 

graphic ranges Determine the double points. 

9. What is the homographic relation if the double points coincide 
at the origin 2 

10. Prove that if A, A' are fixed, AP J'P' is proportional to A'P' 

, „ _ . AI A'J' , 

11. Prove that Ap + A 7 p' = ^’ 

AP RP pp 

12. Prove that BC . CA + AB=0. 

13. If the ranges {A, B, }, {A', B', } are connected by the relation 

xx' + qx +rx' +3 — 0, referred to A, B' as ongms respectively, prove that 
q~ -B'J', r= - AI, s = AI . B'A'. 

1A A, B are two fixed points on a circle 2 , P is a variable point on 2 : 
prove that AP, BP generate hoinographm pencils -Determine the ray 
in the pencil, vertex A, corresponding to the ray BA m the pencil 
vertex B. 
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M. A variable tangent to a fixed circle, centre O, cuts two fixed 
tangents to the circle at Pj, P s ; prove that ( 1 ) l PiOP t is constant, 
(ii) P t , P t generate horaographic ranges What points m these ranges 
correspond to the meet of the two fixed tangents ? 

18. Prove that El . EP' + EP . EJ ' = EP . EP' 

Constructions by Trial and Error. (Second Degree.) 

Example. [Poncelet’a Problem.] To describe a quadrilateral such 
that its four sides pass through given points and its four comers lie 



A 

'A 

Flo 78. 


Let A, B, C, D be the four fixed points and A t , A 2 , A,, A 4 the four 
fixed lines 

Through A draw any line cutting A,, A 2 at P t . P 2 , join BP 2 and 
produce it to cut A, at P 3 , join CP 3 and produce it to cut A 4 at P 4 
join DP 4 and produce it to cut A 4 at P' 

Similarly, take any number of lines through A and construct the 
sots of points Qj, Qj, Q 3 , Q' , Rj, R z , R 3 , R 4> R' ; 

Then (PjQj, }=A{P 1 ,Q I . } = {P 2 , Q 2 , }=B {P 2 , Q a ) 

= {P 3 ,Q 3 , }=C{P 3 , q 3 , } = {P 4i Q 4 . } 

= D!P 4 , Q 4 , } = {P', Q', .}, 

{P„ Q„ .. ), {P', Q, } are homographic ranges on Aj. 

I«t E, F be the double points of the two ranges. Then either 
AE or AF may be taken as a side of the required quadrilateral, the 
remaining sides are then at once determined. Q.E.D. 
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The method is general, and applies with equal ease to any n -sided 
polygon whose sides pass through fixed points and whose n corners 
lie on a fixed line. The practical application of this method will 
provide the reader with an exercise in drawing of by no means a 
simple character. We give below the complete construction for 



Poncelet’s Problem m the case of a triangle, the fixed points being 
X, Y, Z , tho reader should examine its details. The work is shortened 
by constructing I and J' direct, as shown in Fig. 79. 


EXERCISE VHI. d. 

1. {A. B, ), {A', B', ) are given homographic ranges on different 

bases l, l' , through a given point. O, construct a lme to cut l, l' at corre- 
sponding points Is there more than one solution 1 

2. Through a given point., draw a lme to cut two given lines at. 
points subtending a given angle at a given point 

8. Find two points P, Q on two fixed lines such that PQ, subtends 
angles of given size at each of two fixed points 

4. Through a given point draw two lines to cut off on two given lines 
segments of given lengths 
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5. Describe a tri^ng 1 ® PUR fw that its sides pass through given t winte > 

^ t^at p ; q i le on fixed lines and L PRQ is of given magnitn? 6 - 

4. A, B are fixec* point* ; l, m are fixed lines ; find a point p on 1 
sack that PA, PB cu* °® from m & segment of given length. 

7, Inscribe in a j5> ven triangle a rootangle of given area. 

V \\cv* ^sjWKSSBSt a. 'ptis. o>l rffcjaJJsh 'dr'yifhi. Vvcss. which, 
pass through fixed point* and out two fixed lines in points co^uiear 
with a given point. 

8 . Describe a quadrilateral so that its four comers he on fixer) Iwes* 
two of its sides paf s through fixed points and the other two ai® tn a 
given direction. 

10. A rav of ligpt starts from a given source and is reflected Bu o- 
coesively at n 6x3 111168 \ a lfcs ^ a} P ath maked a given angle lts 
initial path, couBtru 6 ^ ^ initial path.. 



CHAPTER IX 

HOMOGRAPHIC PROPERTIES OF THE CONIC 

If Vh V 2 , A, B, C, D, E, are a system of points on a conic, the 
pencils Vj{A, B, }, V 2 {A, B, . } are homographic. It is therefore 

unnecessary to specify the particular position of the point V on the 
come, when dealing with cross-ratio properties of the pencil 
V{A, B, ) 

In the same way, if » lt v a , a, b, c, d, e, are a system of tangents 
to a conic, the ranges Vj {a, 6, }, , b, \ are homograpbic, and 

so it is unnecessary to specify the particular position of the tangent 
v to the conio. 

Definitions. 

(1) A system of points A, B, on a come is called a range of 
points on the conic or a range of the second order. 

(2) A system of tangents a, b, to a come is called a pencil of 
tangents to the conic or a pencil of the second order. 

(3) If two ranges of points on a come A, B, . , A', B', are 
such that the pencils V{A, B, 1, V{A', B', . } are homographic, 
where V is any other point on the come, the ranges are said to be 
homographic. 

(4) If two pencils of tangents to a conic a, b, ; a', 6', are 

such that the ranges v{a, b, }, v{a\ b', } are homograpbic. 

where » is any other tangent to the come, the pencils are said to be 

homographic. 
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Theorem 93. (1) Two tomographic ranges of points on a come 
exist anti are determined uniquely, when three pairs of corresponding 
points are given 

(2) Two homographic pencils of tangents to a come exist and are 
determined umquelj, when three pairs of corresponding tangents 
are given 

(1) Let A, A' B, B , C, C' be the given pairs of points Take 

any other point V on the conic Then, by Theorem 80, two homo 
graphic pencils exist and are determined uniquely by the pairs of 
raj's VA, VA VB, VB , VC, VC Let anv other pair of corre 
epondmg rays VP, VP of these pencils cut the come at P P , then 
P, P are a pair of corresponding points of the homographic ranges 
of points on the come QEh 

(2) This is the dual of (1) and is proved m the same way 

Theorem 94 (1) If {A, B P, Q, }, {A , B , P, Q, } 

are two homographic ranges of points on a come, there exist two 
points E F (real coincident or conju 
gate imagmaries) on the conic which are 
self eorrespondmg for the two ranges 

(2) The meet of PQ', P Q bee on 
the fixed hne EF 

(1) Take any point V on the come, 

the pencils V{A B, }, V{A B', } 

have two double rajs , let the other 
points of intersection of these double 
raj's with the conic be E, F Then E, F are self eorrespondmg 
points for the two ranges of points on the conic 

(2) Since E, F aro self corresponding points, 

PfP'EFQ } = P {PEFQ} 

But these pencils have a self corresponding ray PP' , therefore 
the meets of PE PE PF P F , PQ', P Q arc collmear 
the meet of PQ , P Q hes on the fixed hne EF 

This line is necessarily real, because it contains anv number of 
real points, such as the meet of AB and A B Therefore its points 
of intersection E, F with the come, are either real, coincident or 
oonjugate imaginanes Q B.D. 
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Theorem 95. (1) If {a, b, p, q, }, {o', b', p’, q', } are 

two hoinograplno pencils of tangents to a conic, there exist two 
tangents e, /(real, coincident or conjugate imaginanes) to the coruc, 
which are self corresponding for the two pencils 

(2) The join of pq , p'q passes through the fixed point ef 

This is the dual of Theorem 94 , the reader should draw his own 
figure and go through the proof 

Definitions. 

(1) With the notation of Theorem 94, E, F are called the doable 
points of the two homographic ranges of points on the conic, and the 
line EF is called the cross-axis of the two ranges 

(2) With the notation of Theorem 95, e, f are called the double 
lines of the two homographic pencils of tangents to the come, and 
the point ef is ealled the cross-centre of the two pencils 

It should be noted that Pascal’s theorem is a special case or 
Theorem 94 



Let ABCDEF be a hexagon inscribed in a conic and consider the 
homographic ranges of points on the conic determined by {A, C, E) 
and {D, F. Bl. Then the meets of AB, DE , BC, EF , CD, FA he on 
a straight line, the cross axis 

The reader is advised to deduce m the same way Brianchon’s 
theorem from Theorem 95. 
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Thsoxem 90. (1) Homographic ranges of points on a oorue 
project into homographic ranges of points on the projected comc> 
double points into double points and the cross-aria into the cross 
axis, 

(2) Homographic pencils of tangents to a conic project into 
homographic pencils of tangents to the projected conic, double lines 
into double lines and the cross-centre into the cioss centre. 

These results follow from the fact that cross ratios are unaltered 
by projection. 

Theorem 97. Homographic ranges of points on a conic reciprocate 
into homographic pencils of tangents' to the reciprocal come, double 
points into double hues, and the cross axis into the cross oentre ; 
and conversely. 

These results follow from the fact that the cross ratio of fovu 
eollinear points is equal to that of their polars. 

Theorem 98. (1) If {A, B, C, } is a range of points on a come, 
and if {a, b, c, } is the pencil of the tangents to the conic at these 
points, the range {A, B, C, } and the pencil {a, b, c, } are 
homographic, i e any section of V{A, B, C, .. } is homographic to 
the range y{a, b. c, }. 

(2) If {A, B, C, } is a range of eollinear points, and if {a, b, c, } 
is the pencil of concurrent lines formed by their polars w.r.t. any 
conic, the range A, {B. C, .} and the pencil {a, 6, c, } are 
homographic, t e. any section of the pencil is homographic to the 
range. 

These results follow at once from Theorems 30, 28 
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Double-Point Co os traction. The property of the cross- axis in 
Theorem 04 affords another method of determining the double 
points of two co basal homographic ranges. 

Let {A, B, ... }, {A', B', ... } be the two ranges. Draw any circle 
or conic, and take any point V on it : let VA, VA', VB, VB', ... cut 



the oonic again at a, a', b, b\ ... ; let ab', a'b meet at y ; be', b’c 
meet at a ; let ay cut the conic at f, /. Join Ve. Vf, and produce 
them to meet the base of the given ranges at E. F. 

Then E, F are the required double points. Q.E.D. 
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EXERCISE IX. a. 

I. The base of a variable triangle inscribed m a given conic is fixed , 
prove that the sides generate homographic jiencils 

8. One vertex of a triangle, self conj ugate wrt a given conic, is 
fixed , prove that the other vertices generate homographic ranges 

8. AP. AP are a variable pair of conjugate lines through a fixed 
point A w r t a given conic , prove that they generate homographic 
pencils, and determine the double rays 

4 APQ is a triangle inscribed in a given conic A is fixed and /_ PAQ 
is of constant size prove that the tangents at P, Q generate hoinograpbic 
pencils of tangents to the conic 

6 Two comos S,, S s have double contact at B C , A is the pole 
of BC , tangents are drawn from a variable point P on AB to S,, S 8 to 
cut AC at P„ P,, prove that P„ P 2 generate homographic ranges, and 
determine the double points 

6. The sides QR, RP, PQ of a triangle pass through fixed points 
A, B, C , P lies on a fixed conic through B, C , Q has m a fixed conic 
through C, A , prove that BR, AR generate homographic pencils 

7 AB is a fixed chord of a circle , PQ is a variable chord of constant 
length , prove that AP, BQ generate homograplm pencils 

8. A variable line passes through a fixed point , prove that its poles 
w r.t. two given conics generate homographic ranges 

9. Two comes cut at B, C a variable line thre ugh B cuts the comes 
at P, Q , proic that CP, CQ generate homogiaphu pencils 

10. A, B are lived points on a hviierbola , P is a % ariablo point on the 
curve , PA, PB meet an asymptote at P,, P 2 , prove that P,, P a generate 
homographic ranges Where are the double points ’ Deduce that 
P,P, is of constant length 

II. A, B are fixed points on a parabola , P is a variable point on tbe 
curve , parallels t<> PA, PB are drawn through a fixed point O to cut a 
faxed diameter in P t P e , prove that Pj, P 2 generate homographic ranges 
and that PjP 8 is of constant length 

12 Given five points A, B, C, D, E, show how to determine the points 
in which the conic through A, B, C, D, E cuts a given fane l [Consider 
the range formed on l bv A{C, D, E), B{C, D, E[ ] 

18. HK is a faxed diameter of a given conic , a variable tangent meets 
the tangents at H, K m P, P', prove that HP KP is constant [Use 
Theorem 87 ] 

14 ABCD is a fixed parallelogram, circumscribing a given conic , a 
variable tangent cute AB. AD at P, Q , prove that BP DQ is constant 

15 A variable pair of conjugate diameters of a given conic meet the 
tangent at a fixed point P in Q, Q' ; prove that Q, Q' generate homo 
graphic ranges, and deduce that PQ PQ' is constant 
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Theorem 99. (1) If {A, B, }, {A', B', . } are two homographio 
ranges of points on a conic, the joins of AA', BB', . envelope a 
conic having double contact with the given conic at the double 
points E. F of the two ranges. 

(2) Conversely, if two conics have double oontact at E, F, a 
variable tangent to one cuts the other at a pair of points P, P', 
which generate homographic ranges of points on the conic, with 
E, F as double poults. 



(1) Project E, F into the circular points at infinity Then the 

conic becomes a circle, and the cross axis of the projected ranges 
{a, 6, }, {«', 6', ) is the line at infinity 

■ ah', a'b are parallel, and so chord o«' = chord 66'. 

aa' — bb' — Cf’= , ‘ the lines aa', 66', cc', touch a con 

centric circle 

in the original figure A A'. BB', touch a conic having double 
contact with the given conic at E. F. Q E D. 

(2) This is proved by revcrsuig the order of argument in (1). 

Corollary. If a variable chord PP' of a conic passes through a 
fixed point O, then P, P' generate homographic, ranges of points on 
the come, having as double points the points of contact of the 
tangent from O to the conic 

To prove this, project the conic into a circle, having the projection 
of O as oentre. 
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Theorem 100. If {a. b , ... }, (a', b', } are two homogr&phio 

pencils of tangents to a conic, the meets «a', W, of corresponding 
tangents he on a conic having double contact with the given como 
at the points of contact with the conio of the double lines e, / of the 
two pencils • and conversely 

Corollary. From a variable point P on a fixed line, tangents 
p u p, are drawn to a given conic , then fp, p t generate homographic 
pencils of tangents to the conic. 

This is simply the dual of Theorem 99 


EXERCISE IX. b. 

1. H is a point of intersection of tai given conics S, , a variable 
line through H cuts S t , S 2 at P,. P a , prove that P, ami P 2 generate 
homographic ranges of points on Si and S t 

What is the dual theorem ? 

2. B, C are a fixed parr of conjugate points wrt a given conic S , 
P is a variable punt on S , BP, CP meet S again at P,, P 2 , prove t hat 
Pj, P, generate homographic ranges of points on S Itetermme the 
double points 

8. A. variable conic passes through four fixed points , prove that the 
tangents at these points generate homographic pencils 

4. A, B are two fixed points , PAQ is a variable chord of a given 
oomc , BP, 8Q meet the conic again at P , Q' , proi e that P', Q' 
generate homographic ranges on the come 

6. A system of conics pass through four fixed points A, B are any 
two other points prove that the polar? of A w r t the system of conics 
form a pencil homographic to the p lars of B w r t the s\stcm 

a. AB, AC are a fixed pair of conjugate lines wrt a conic S * a 
vai iable tangent to S cuts AB AC at P, P' , pro\e that the other tangent 0 
from P, P' to S generate homographic pencils of tangents to S 

7. PQR is a variable triangle, inscribed in a given come , PQ, PR 
pass through fixed points , find the envelope of QR. 

8. PQRS is a quadrilateral circumscribing a conic , P, Q* R U0 on 
fixed hues , find the locus of S. 

8. A variable triangle is inscribed in a given conic , two of the aides 
are fixed in direction , find the envelope of the third aide 
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19. A variable triangle oircumsenbes a oornc , two of its vertices he 
on fined lines , prove that the points of oontact of Its sides generate 
three homographic ranges of points on the como 

11. Two conics S,, S, have double contact with each other , the 
tangents from a variable point on S] to S a meet again at P, Q , prove 
that P, Q generate homographic ranges on Si 

12. ABC is a fixed triangle inscribed in a given conic , PQ is a variable 
chord such that A{BPCQ} is constant , find the envelope of PQ 

18 A, B, C, D and p, q, r, s are the common points and common 
tangente of two conics , prove that the range of points A, B, C, D on 
one conic is equi cross with the range of tangents p, q, r, * to the 
other 

14 Two conics S lt S 2 have double contact at A, B a variable chord 
PQ of Si touches S e , find the locus of the meet of AP, BQ 


Theorem 43 and Theorem 44 are most useful when stated in terms 
of homographic ranges and pencils, as follows 
(i) If two pencils V{A, B, P, }, W{A, B. P, ) are homo- 

graphic but not in perspective, the meets A, B, P, of cone 
sponding rays he on a come through the vortices V, W of the pencils 
(u) If two ranges {A, B, P, }, {A', B' P', } are homo 

graphic but not m perspective, the joins AA', BB , PP , of 

corresponding points envelope a come, touching the bases a, a of 

the ranges 
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Theorem 101. [Apollonius’ Theorem ] The feet of the four 
normals to a eomc, centre C, from any point 0 he on a rectangular 
hyperbola which passes through C, O and has its asymptotes parallel 
to the axes of the come. 



Let CP,, CD, , CP 2 , CD 2 , be pairs of conjugate diameters of 
the conic Let perpendiculars from 0 to CP,, CP 2 , meet CD,. 
CD,, at dj <?_„ 

Then 0(4,, d 2 , ( = C{P, P 2 , f, equiangular pencils, 

= C |D,, D 2 , !, since the diameters are conjugate, 

= C{d v d a i 

the points if,. d z he on a come cr through O, C 
If d is a point of intersection of cr with the given conic, since C d 
is conjugate to CP, the tangent at d is parallel to CP. and is therefore 
perpendicular to Od Therefore d is the foot of one of the normals 
from 0 to the gn en conic 

o- meets the given conic at the feet of the normals from 0 
Let CA, CB be the axes of the given conic , then the perpendicular 
from 0 to CA meets the conjugate diameter CB at infinity 
Therefore o- passes through the point at infinity on CB and 
similarly through the point at infinity on CA. and so u is a rectangular 
hyperbola passing through O, C and having its asymptotes paiallel 
to CA, CB Q E D 

This rectangular hyperbola is called the hyperbola of Apollonius , 
the method of proof is due to Ohasks 
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EXERCISE IX. c. 

1. P is a variable point on a given come S , Q, is a point such tha 
PQ subtends angles of given sizes at two fixed points on S , find th< 
locus of Q. 

2. P is a variable point on a fixed diameter of a conic , N is the foo 
of the perpendicular from P to its polar , prove that the locus of N is t 
rectangular hyperbola 

3 {A, B, P, }, {A', B', P\ } are similar ranges on differeni 
bases , prove that PP' envelopes a parabola 

4 ABC is a triangle , A is fixed, B moves on a fixed line and ^ ABC 
is of constant size , find the envelope of BC 

5. H K are the poles of the chords PQ, RS of a conic , prove tbal 
H, K, P, Q, R, S lie on a conic 

3. A tuangle circumsciibes a given conic , two of its sides are fixed 
in positi m , find the locus of its ( ireumcentre 

7. HK is a fixed chord of a parabola , a variable line PQ perpen 
dicular to the axis cuts H K at P , the polar of P cuts PQ at Q , find the 
locus of Q 

8 A variable chord PQ of a fixed conic passes through a fixed point 
O , prove that the polar of O w r t the < ire le on PQ as diameter envelopes 
a paiabola 

9, If a quadrangle is inscribed in a conic prove that the tangents at 
its vertices and one pan of opposite sides tout h a conic 

10 AB is a given chord >f a fixed tonic , the tangent at a variable 
point P oil the < ( ni< meets the tangent at A in Q , hnd the envelope of 
the line through Q, par did to BP 

11 P is a variable point on a fixed line , PQR is a line fixed in diree 
tion, cutting two hxed imes at Q, R , X is the harmonic conjugate of P 
vv r t Q. R , prove that the locus of X is a hyperbola, having one 
asymptote parallel to the fixed direction 

12 A variable line l meets two fixed lines m points which are con 
jugate w' r t a given conic , find the envelope of l 

13. A is the pole of a fixed chord BC of a given conic , two variable 
parallel tangents to the conic cut AB, AC at P, Q respectively , find the 
envelope of PQ 

14. D is a variable point on the base BC of a given triangle ABC , a 
parallel thiough D to AB cuts AC at E , a parallel through E to BC 
cuts AD atM , prove that the locus jf M is a parabola through C, touching 
AB at A with its axis parallel to BC 

15. A straight line passes through a fixed point , prove that the join 
of its poles wrt two given conics envelopes a conic, inscribed in the 
common self conjugate triangle of the given conics 

DPO 1 L 
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18. PQR is a variable triangle inscribed in a fixed circle ; PQ is of 
constant length and PR passes through a fixed point. Find the envelope 
of QR. 

17. 123456 is a hexagon inscribed in a conic ; prove that the points 
1 ; 2 ; (13, 24) ; (23, 41) ; (15, 26) : (25, 16) lie on a conic. 

18. A tangent at a variable point P on a parabola meets a fixed 
tangent at Q ; find the locus of a point dividing PQ, in a constant ratio. 

19. P, P 7 are a pair of corresponding points of two homographic ranges 
on different bases ; find the locus nf the mid-point of PP'. 

20. Rjk,, R. S are the feet of the four normals from a point to a (ionic ; 
prove that the tangents at P, Q. R, S touch a parabola which touohes 
the axes of the oonic. (Use reoiprocation.] 

21. With a fixed point O as centre, circles are described to cut a given 
conic in 4 points. Prove that the diagonal points of this 4-point quad- 
rangle lie on the Apollonian hyperbola of O. 

22. If the polar of O w.r.t. a conic 2 meets the Apollonian hyperbola 
of O w.r.t. H at Q, R, prove that 

(i) /-Q.OR-90 0 ; (ii) AQOR is self -conjugate w.r.t. 2. 

23. Tf. in No. 20, O is the point from which the normals are drawn, 
and if C is the centre of the conic, prove that CO is the directrix of the 
parabola. 



CHAPTER X 

INVOLUTION RANGES AND PENCILS 

Analytical Treatment. 

If two homographie ranges are situated on the same base, to 
every point £ of that base there correspond in general two distinct 
points, according as £ is regarded as belonging to the first or second 
range. Under certain conditions, however, these two points 
coincide for all positions of £. 

(I) If pxx' + qx + rx‘ + 3=0, pa fjr, is the homographic relation 
between two ranges on the same base, referred to the same origin, 
then q~r is the necessary and sufficient condition that to any 
point a on the base there corresponds the same point ft, whichever 
range a belongs to. 

(t) Let r = a, r' = /3 and x' = a. x = ji for all values of a. 
pa-li + qa+rfi ts = 0 and pf3a + qf3 + ra + s=0. 
subtracting, (a - fi)(q -r) =0. 

But a 4- fi, for in this case pa 3 + (q + r)a -I 8 = 0, which cannot be 
true for all values of a. 

.’. q~r = 0 or g r = r. 

The condition is therefore necessary. 

(li) If q—r, the relation becomes pvr' + qx +qx' + 8 — 0. 

Hence, if x — a, x' — - and jf x'=a, x — - ? a - +s . 

pa s pa +s 

Therefore the two points corresponding to the point a on the base 
coincide. Therefore the condition is sufficient. 

Definition. If two cobasal ranges are determined by the relation 
pxx' + q(x+x’) +8 = 0, /w + <f, referred to the same origin, they are 

said to be in involution. 
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Suppose that {A, B, C, . }, {A', B', C', ... } are two ranges in 
involution, since the relation is homographic, the cross-ratio of any 
four points of one range is equal to that of the corresponding four 
points of the other range 

But further, if A is now regarded as belonging to the second 
range, the point corresponding to it m the first range, by (I), is A' , 
and similarly for B, C, ... . 

It therefore follows that the ranges {A, A', B, B', C, C', 1, 

!A', A, B , B, C', C, } are homographic and this is the character- 
istic feature of two homographic ranges {A}, {A'} in involution 
Thus, for example, (AA'BC) = {A'AB C j or {ABB'C)={A'B BC} 

(II) A range of points m involution exists and is determined 
uniquely by two pairs of points on the base 

This follow 8 from the fact that the involution relation contains 

two independent constants ^ . 

VP 

Assuming that p ± 0, the in\ olution relation may bo w ntten 

xx' + ®(r + x') + -=0 or (x + 9 )(.r' + - 1 ~ 

p P \ P ' p' 


Now change the origin to the point x— 


the relation becomes 


xx-X7“ 

p t 

If X— *0, X '-*■«> , so that the new origin corresponds to the point 
at infinity on the base 


Definition. The point, oil the base which corresponds to the 
point at infinity on the base, in an involution range is called the 
centre of the involution, and will always be denoted by O 

The mvolution relation shows that if P. P' are a pair of corre 
spondmg points, then OP OP' is constant 

If X=X' = £, say, we see that or £= ±\j(q 2 -ps) 

Consequently two ranges in mvolution have two double points, real 
or imaginary, which are equidistant from the centre of the mvolution. 
The two double points u ill always be denoted by E, F 
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Since OE 3 =OP 


P % 


=OP . OP', it follows that every pair < 


corresponding points are harmonically conjugate to the double pointi 
The Case where p — 0. In this ease the involution-relation reduct 

to ?{* + :(:} +s = 0 or — g— = -g -■ 


Hence, if P, P' are any pair of corresponding points, the mid 
point of PP' is fixed and its coordinate is The involutio 

therefore consists of pairs of points which are equidistant from . 
fixed point E. 

It therefore follows that E is one double point, the point a 
infinity is the other double point, and the centre of the involutio] 
is also the point at infinity on the base. 


EXERCISE X. a. 


1. If the involution relation is xx’ - Zx - 3x' + 8 = 0, find the pointi 
corresponding to x -- 0, 1. 2, 3, 4, ao. 

By a change of origin, reduce the relation to the form XX' = r 7 8 

2. Determine the involution defined by the point pairs (1, 2) ; (5, 7) 
Find the double points, and reduce the relation to its snnplest form. 

3. Repeat No. 2 for the point pairs (1, 10) ; (4, 7). 

4 . Fird a if the point pain, (2, 5) , (1, 8) ; (3, o) are m involution 


5. Determine the involution relation if the double points are given 
by £-’ + 2a£ + i=0 

6. A, A' ; B, B' , C, C' are point-pairs in involution , a, f), y are the 

AB AB' a 3 

mid points of AA', BB', CC'; provo that . [Take A as origin ] 


7. With the notation of No. 6, prove that 
AB . AB' AC . AC' 
A'B . A'B' — A'C . A'C' 


8. Prove that the necessary' and sufficient condition that the three 
pairs of points given by 

a 1 i‘ + 2^ + c 1 =0, a 2 f s + 26 8 f +c,=0, a,|* + + c„ =0 

are in involution, is 

cq(6 3 c 8 — 6 s Cj) c fq (Cgdj — r 3 flg) -f- Cjfdjhg — (tgfq) =0. 

Write this as a determinant. 
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■ 9 . Prove that the double points of the involution defined by the 
point-pairs ( a +26 1 | + c 1 =0, £ a + 2t,f + Cj = 0, are given by 
ar*(*i - 6,) +r(Cj -c,)=6iCj - 6,c,. 

10 . An involution is defined by the point pairs a,£ s + 2fcj£ +c, =0, 
+e,=0 , prove that any other point-pair of the involution lis 
represented by iqt 2 + 26^ +c l +X(a^* + 26 a { + e s )=0, for a Buitablb value 
of \ 


Pencils in Involution. The analogy between homographic ranges 
and pencils subsists natuially between involution ranges and 
pencils. 

(Ill) If pmm' +qm + rtn' + s = 0, ps^qr, is the homographic 
relation between two pencils with a common vertex, then q — r is 
the necessary and sufficient condition that to any line a through the 
vertex corresponds the same line fi, whichever pencil o belongs to 

Definition. If two pencils with a common vertex are connected 
by the relation pmm' +q(m + m') +s =0, ps ^ q-, referred to the 
same axes, they are said to be in involution. 

If {a, b, c, }, {o', V, c', } are two pencils m involution, it 

follows from the definition and result (III) that the pencils 
{o, a', b. b', c, c', j, {a , a, b\ b, c\ c, .} 
q,re homographic and this is the characteristic feature of two 
pencils {a), {a'l in involution. Ttius, for example, {na'bc) = {a'ah'c'} 
and {a'66'c} = {o6 be'} 


(IV) A pencil of lines in involution exists and is determined 
uniquely if any two pairs of corresponding lineft through the vertex 
are given. 

This is duo to the fact that the involution relation contains two 
independent constants. 

If we put m—m' = fL, say, we see that 


PH 2 + 2q/i + 8=0 or p= {-jivV 


V 


-ps}. 


Hence there are two double lines, real or imaginary. If y— px is 
a double ray, we have 

p . ^ + 2 ? . ^ + s=0 or ax* + ‘2qry + py s = 0 . 
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It is easy to sea that any hne-pair of an involution pencil 
harmonically conjugate to the double lines 

Let (y -mx)(y -m'x) = 0 or mm/ x? - xy(m + m') +t/* = 0 be 
lme pair, so that pmm' + q(m + m') + s = 0; the double Imes a 
sv 1 + 2gxy + py 2 =0 , and the condition for a harmonic penoil 
pmm 1 +»= ~q(m + m‘), which is satisfied. 


EXERCISE X. b. 

1. If the involution relation is mm’ -im -4m' + 15 = 0, find the lim 
corresponding to y—x, y=2x, y = 3x, y=0, x = 0 Determine tl 
double lines 

2. Determine the involution defined by the lme pairs y—X, y = 3i 
y — 4x, y — lx Fmd the double imes 

8. Prove that ax 2 + 2hxy + by 1 _ 0 is a lme pair of the involutio 
pmm' + q(m + ;« ) + s — 0 if ap +6» - 2hq 

4 Determine the involution if the double Imes are 
(i) x'-S-ry + lV-O, (u) x 2 + y 2 -Q 

6. Provo that the line pairs 

x 3 + 2h l xy + b l y 3 -0, ar s + 2hxt/ + b 2 y 3 -0, x 3 + 2h 3 xy + =0 

are m involution if b 1 (h l -^a) + b 3 (h, — A x ) + b 3 (hj - h 3 ) 0 

8 Prove that the double Imes of the involution detei mined b 
x 3 + Zhpey + bp/ 0, x 3 + 2h 1 xy + b 2 y 3 0 are 

[h 1 -h 2 )x 3 +(b I -b,)xy + (b l h i -b i h l )y 3 0 

7 Prove that, in erery involution, there is one line pair at righ 
angles , and that if there is more than one such line pan then ever 
line pair is at right angles, and the double lines are the isotropic imes 

8. Prove that, any lme pair of the mvolution defined by 
a^x 1 + 2hpcy + b 3 y 3 — 0, ap: 3 + ihpey + b 3 y 3 =0 
can be represented by 

(dj-r 2 + 2\xy + bp/) -t-XfOjr 2 + 2hpxy + b 2 y 3 ) =0, 
for a suitable value of X 


8. Prove that the Jine pairs «j=0, s 2 = 0, s,-X« 2 = 0, s 1 -X's ! = 0 
s, -fie 1 = 0, «j fi's i =0 form an mvolution if where 

»i — “iZ+biJf + c-i s 1 = a 3 x + bpy + c, 

10. Prove that the double Imes of the mvolution determined by 
0j — a t x 3 + 2h 1 xy + b 3 y 3 — 0, 4>i = “a* 2 + 2 h «xy + bpf = 0 

<ypi ctyi _ ct <Pt i Vn 
cry - ox oy' 


, i.«p 1 

are given by 
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Geometrical Treatment. 

The analytical treatment was developed from the relation 
prx' +q(x + x ) + r = 0, 

which was shown to be reducible to XX’ — I . we shall now take the 
latter as our starting point 

Definition. O is a fixed point on a fixed line A, A' , ‘B, B' , 
C, C' , .. are point pairs on the line such that 

OA.OA'=/=OB. OB =OC OC = . 

Then the system of point pairs A, A' . B, B , C. C , is said to 
form an involution, and O is called the centre of the involution. 

From tins definition, it follows that O coneaponds to the point 
at infinity on the base 

_♦ l , , l 1 * 

H FH O ABPEPBA 

Fig 88. 


A PQB OAPQB 

Flo 87 

If I is positive (Fig 86) 0 is external to the poition of the base 
joining each point pair, and the poition of the base joining each 
point pan lies wholly inside or wholly outside or wliollv lneludes the 
portion of the base joining anv other point pair, i t thev do not 
overlap Whereas if l is negative (Fig. 87). the poition of the line 
joining any point pair contains O and overlaps the portion of the 
base joining anv other point pair 

If k is positive, the involution is called non-overlapping or 
hyperbolic, if k is negative, the involution is callod overlapping or 
elliptic. 

This definition of involution directs attention to the fundamental 
characteristic that the unit of an involution is a point pair, uhereas 
the unit of homographic ranges is a point. 
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Theorem 102. Given two point-pairs A, A'; B, B' on a base l 
construct a point O on l such that OA . OA' = OB . OB'. 



Through A, B' draw any two parallel lines to cut any other twc 
parallel lines through B, K respectively at H, K, produce HK tc 
meet l at O. 


By parallels, 


OA OH OB. 
OB' ~ OK OA'’ 


. OA . OA' = OB . OB'. Q.E.F. 


Theorem 103. If A, A', B, 8', C, C' aie three point-pairs in 
involution, then {AA'BC! -JA'AB'C'l. 


CC O A B B A' 

Fid 89 

Let O lie the centre of the involution so that 

OA . OA' = OB . OB' = OC . OC' = i!- ; 

let a be the point at infinity in the direction perpendicular to the 
base OA. Then uA', a A. aB', aC' aie the polars of A. A'. B, C w.r.t. 
the circle, centre O, radius Jk 

{AA'BC) =«{A'AB'C'} = {A'AB'C'}. 


Q.E.D. 
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Theorem 104. Any two point pairs A, A' , B, B' on a base l 
determine uniquely an involution 

By Theorem 102, it is possible to find a point. 0 on l such that 
OA . OA'=OB . OB . If P is any point on l, and if P' is another 
point on l such that OP . OP =OA . OA', then P, P' form a point 
pair in involution with A, A' „ B, B' 

And further, the position of P' corresponding to P is unique, sinoe, 
by Theorem 103, {A'ABP! = {AA'B'P ) 

Therefore there exists one and only one involution having A, A' , 
B, B' as point pairs. Q E D 

Corollary. Given t o point pairs A, A' , B. B on a base l, there 
exists one and only of H pomt O on l such that OA OA =OB OB' 

For O corresponds to the point at infinity on l m the unique 
involution defined by A, A' , B, B' 

Theorem 105. If A, A , B, B , C C an- three pairs of points 
on a base l such that {AA'BC} = {A'AB C ), then these three pairs 
form an involution 

If possible, let C be the point corresponding to C m the involution 
defined by A, A' , B, B' 

By Theorem 103, {AA'BC! = {A'AB'C'l 

But {AA'BC} = {A'AB C }, given , • {A'AB'C’j ={A'AB'C'} , 

\ C coincides with C' QED. 

Theorem 106. The necessaiv and sufficient condition that the 
pomt-pairs A, A' ; B, B' , C, C' , D, D' , form an involution is 
that the ranges 

{A, A', B, B , C, C', D, D }, {A', A, B', B, C', C, D', D, } 
should be homographic. 

(l) The method of proof of Theorem 103 shows that the condition 
is neoessary. 

(u) Theorem 105 shows that the condition is sufficient , for, if 
{AA'BP} = {A'AB'P }, P, P' is a point-pair of the unique involution 
defined by A, A' , B, B'. QED 
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Definition. If a point on the base of an involution correspond 
to itself, it is called a double point of the involution. 

A double point of an involution is therefore 'a point-pair, the twi 
elements of which coincide. 

Theorem 107. (1) In any involution there exist two doubt 

points, equidistant from the centre of the involution, which are rea 
or imaginary, according as the involution is lr lerbolic or elliptic. 

(2) Any point-parr of the involution is hai onically conjugate t< 
the double points. 

(3) An involution exists and is determi * 1 uniquely when thi 
double points are given. 

If P, P' is any point-pair and O the c ie of the involution 
OP. OP ' = !-. 

Therefore there are two double points E, F given by OE 2 = OF 2 = j 
or OE = + Jk, OF = - s 'fr. 

E, F are real if I- is positive, in which case the involution is non 
overlapping or hyperbolic. 

Further, since OE 2 = OF 2 -—k = OP . OP', {PP' ; EF} is harmonic. 

Since O is the mid-point of EF and k = OE 2 , the involution exist 
and is unique when E, F are gi\en. 

Corollary 1. If three pairs of points are each harmonically 
conjugate to two lixed points E, F, then they form an involutioi 
with E, F as double points. 

Corollary 2. If three pairs of points are in involution, there exis 
two points w.r.t. which each pair is harmonically conjugate. 


Theorem 108. If throe point-pairs A, A' ; B, B' ; C, C' are ii 
involution, then AB' . BC' . CA' = - A'B . B'C . C'A ; and conversely 
We have 


{AB'BC'} = {A'BB'C( 


AB' . BC' A'B . B'C . 
AC'. BB' — A'C . B'B ’ 


AB' . BC' . CA'= - A'B . B'C . C'A. 


The converse is proved by reversing the order of this argument. 

Q.E.D. 
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Theorem 109. (1) Any transversal is cut by a system of coaxal 

circles in point-pairs in involution. 

(2) P. P' is a variable pomt-pair of a given involution ; H is any 
fixed point outside the base ; then the circle HPP' belongB to a 
fixed coaxal system. 

(1) Let the transversal cut the radical axis at O and any one 
circle at P, P' ; then OP . OP' iB constant. 

.’. P, P' generate an involution. 

(2) Let O be the centre of the involution so that OP . OP' = A ; 
join OH, and let it cut the circle again at L ; then 

OH . OL=OP.OP' = A. 

Therefore L is a fixed point. Therefore the cncle passes through 
two fixed points, and so belongs to a hxed coaxal system. Q.E.D. 

Theorem 110. A, B, C, . are any system of points on a base l ; 
A', B', C' . are the conjugate points on /, w l.t. a given conic 2, 
of A, B, C. ... , then the pomt-paiis A. A' , B. B' ; C, C', ; . form 
an involution on l, having as double points the meets of l with 2 

Let l meet 2 at a, ft; then {AA'; u/i) is harmonic, since A, A' are 
conjugate points. 

.". by Theorem 107, Corollary 1, A, A' ; B, B' , . . form an 
involution with a, /3 as double points. Q.E.D. 

Theorem 111. If E, F are the double points of the involution 
defined by the point-pairs A, A' ; B, B' ; then the point pairs 
A, B ; A', B' ; E, F form an involution. 

By hypothesis, {AB'EFj ={A'BEF1_{BA'FE} 

A, B , A' B' ; E, F form an involution. Q.E.D. 

Note. The same argument shows that A. B , A', B ; E, F also 
form an involution. 
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Construction. Given two point-pairs A, A' ; B, B'; construe 
the point C' corresponding to a given point C so that A, A' , B, B' 
C. C' form an involution 



First Method. Take any point H outside the base , draw throui 
B', A' lines parallel to AH, BH to meet at K , draw A'L parallel 
CH to meet HK at L ; draw LC' paiallel to AH to meet the base at C 
Then C' is the required point. 

.Suppose HK meets the base at O. it is easy to piove by paialli 
that OA OA -OB OB -OC OC . 



Second Method. Take any point H outside the base , draw i 
circles HAA', HBB' and let them cut again at K , draw the cu 
CHK to cut the base at C' 

Then, by Theorem 109 (2), C' is the required point. 
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EXERCISE X. e. 


1, jtf O is the oentre of the involution A, A' ; B, B' ; prove that 

OA AB' , , AB AB' AO 

06 _ BA7’ and ha A'B W'AO 

2. If A, A' ; B, B' ; C, C' , are point-pairs of an oveplapptof 
involution, prove that there exists a real point P at whioh AA', B&', 


CC'» subtend a right angle. 


8. If AA' , BB' , CC' , . form an 
points, prove that 

involution with E, F as double 

« AB =A A C' bc ' + ce' c ' a ' 

, , BC BC' AC AC' 

' 11) BA. BA' + AB . AB' -1, 

AP AP' 

(in) - 7 p 7 is constant, 

, . EP FP' 

(iv) — pp,— is constant, 

AB AB' A'B A'B' 

(T) AE 2 ~ A E* 

, , AB AB' AA' 

(V *> BE-B'E = AE- 


4. If {XY ; PP }={XY , QQMXY, RR'l- 1, prove that 

{PP QR,=:(PP'RQi 

5. Prove that two straight lines divided homograpbically can 
placed, one on the other, so as to form an involution 

[With the usual notation, place I on J' j 

\\ a vanaVAe ’line cuts three faxed orates m lnvoYuWn, prove tfaa"t 
it passes through a fixed point, unless the Lin les are ooaxal 

7. Prove that any line through the cross-oentre of two homograpbio 
pencils is cut by the pencils m involution. 

8. E, F are the double points of the involution A, A ' , B, B' , if BB 7 
is contained wholly in AA , prove that AB, A'B' subtend equal angles at 
any point on the circle on EF as diameter 

9. ABC. A'B'C' are two triangles such that BC, B C' , CA, C A • 
AB, A'B' intersect at three collineai points P. Q, R , AA', BB , CC' 
meet the line PQR at P', R' , prove that P, P' t Q,, -Q' , R, R" form 
an involution 

10. Prove that the double points of the involution made on afiy 
straight hne by a ooaxal system are concylic with the limiting points 

11. A system of conics have ABC as a common self-oonjugate tnangl£ » 
prcrve that any line through A is out m involution by the conics 

12. P, P' is a point pair of an involution of which E, F are the double 
points , prove that the circle on PP" as diameter is orthogonal to ady 
circle through E, F 
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Involution Pencils. If a, a'; b, 6'; c, r', ... are a system of 
line-pairs, drawn through a point V, such that one (and therefore 
every) transversal is cut by them in an involution range, then the 
system is said to form an involution pencil or to be in involution ; 
and V is called the vertex of the involution. 

The involution pencil is called elliptic or hyperbolic and overlapping 
or non-overlapping, according as one (and therefore every) trans- 
\ ersal is cut in an overlapping or non -overlapping involution. 

If a line through the vertex of an involution pencil corresponds to 
itself, it is called a double line of the involution. 

It is obvious that the double lines cut any transversal of the 
pencil at the double points of the involution formed on that trans- 
versal by the pencil. 

If the line paiis of an involution are at right angles, the involution 
is said to bo orthogonal. 

The results given m Theorem 112 follow at once from correspond- 
ing properties of in\ olution ranges. 

Theorem 112. (1) An involution pencil exists and is determined 
uniquely by two pairs of lines a, a ' , 6, b' which concur at a 
pom} V. 

(2) The necessary and sufficient condition that the line-pairs 
a, a' ; ft, 6' ; c, c’ , form an involution is that the pencils 

{a, a', ft, V, c, c', ), {a', a, ft', ft, c', c, .. } 

should be homographic. 

(3) Every involution pencil has two double lines, real or imaginary , 
each line pair of the pencil is harmonically conjugate to the double 
lines, and any pair of lines harmonically conjugate to the double 
lines form a line pair of the pencil 

(4) If three pairs of lines are each harmonically conjugate to two 
given lines, they form an mvolution having these two given lines as 
double linos. 

(5) a, ft, c, . are any system of lines through a vertex V ; o', b', 
c', are the conjugate lines through V w.r t. a given conic 2 of 
a, 6, c, ... ; then the line pairs a, a' , ft, ft' ; c, c' ; ... form an mvolu- 
tion bavmg as double lines the tangents from V to 2. 



176 PROJECTIVE GEOMETRY [chap 

Theorem U8. (1) Every involution pencil has one line- pair at 
right angles. 

(2) If more than one line-pair is at right angles, then every line- 
pair is at right angles, and the double lines of the pencil are the 
isotropic lines. 

(1) The internal and external bisectors of the angle between the 
double lines are at right angles , they are also haimonically con 
jugate to the double lines, and therefore form a line-pair of the 
pencil 

(2) Let VA, VA , VB, VB' be two perpendicular line pairs 
These determine an involution pencil uniquely , but each lino pair 
is harmonically conjugate to the isotropic lines Vu>, Vo', since 

_ AVA' =90” = BVB'. 

Vtu, Vo' are the double lines of the pencil defined by VA. VA' . 
VB VB' If then VP, VP' is any other line pair of the pencil, 
V{PP' , do'} is harmonic, and therefore _ PVP'_ 90\ (JED 

Theorem 114. If the isotropic lines thiough the vertex aTe a 
line pair of the pencil, then the double lines are at right angles , 
and conversely. 

This follows at once from Theorem 112 (3) 

Theorem 115. If the angles formed by each of two line pairs of 
an involution have the same bisectors, then these bisectors are the 
double lines of the involution, and the angle formed by any other 
line pair has the same bisectors 

This follows at once from Theorem 112 (1) and (3) 

Theorem 116. If A. A' , B, B' , C, C' , form an involution, 
there exist two positions of a point V such that the involution pencil 
V{A, A , B, B' , C, C , 1 is orthogonal, and these positions are 

real if the involution is elliptic and are conjugate imagmanes if the 
involution is hyperbolic 

Let. E, F be the double points of the given involution range , let 
Eoi, Fa) cut at V, where iu, at' are the circular points at infinity 
Then Va>, Vto' are the double lines of the pencil V{A, A' , }, and so 

this pencil is orthogonal 
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Similarly, another position is given by the intersection of Ea>', Fw 
If the given involution range is elliptic, E and F are conjugate 
imaginanes , therefore V is real. Q.E.D. 


Theorem 117. (1) The projection of a range in involution is a 
range in involution, the projection of a pencil in involution is a pencil 
in involution , the double points and double lines project into the 
double points and double lines in the projected figure 

(2) Any involution pencil can be projected into an orthogonal 
pencil. 

(1) follows at once from the fundamental cross ratio theorems. 

(2) is effected by projecting the double lines into isotropic lines. 


EXERCISE X. d. 


I If VA, VA' is the perpendicular line parr of an involution, prove 
that tan A VP tan AVP is constant 1 his corresponds to mtn =k 


2 If V{A, A , B, B , } is an involution pencil with VE, VF as 

double lines, prove that 


sm AVP Bin AVP' 
1 sm A VP sm A VP 


is constant 


(u) sin AVB sin B VC sm C'VA = -siu A'VB' sm BVC' sm CVA. 
(m) sm EVF sm PVP' =2 sm EVP sm FVP 

8 Prove that two homographic pencils can be superposed so as to 
form an involution 


4 . ABCD is a quadrangle inscribed in a conic S , PH, PK are the 
tangents to S from any point P on the third diagonal of ABCD , prove 
that P{H, K , A, C , B, 6} is in m volution 

5 V, V' are conjugate points w rt a conic , PP' is a variable chord 
through V' , prove that VP, VP generate an involution Determine the 
double lmes 


6 A, A' , B, B' , C, C' are the pairs of opposite vertices of a quadri- 
lateral , P is any other pomt , prove that P{A, A' , B, B' , C, C'l is m 
mvolution [Project L APA' and L BPB' into right angles ] 

7. Prove that conjugate diameters of a conic are line-pairs of an 
mvolution Determine the double lmes 

8. PQR is a self conjugate triangle w r t a system of conics , prove 
that the tangents from P to any one of the conics generate an mvolution 
pencil 

D p o 


M 
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9. E is a meet of the diagonals of a quadrilateral circumscribing a 
conic S ; prove that any line through E is out in involution by S and the 

aides of ABCD. 

10. Prove that any involution range can be projected into a system 
of point-pairs having a common mid-point. 

11. Prove that any transversal is cut in involution by a system of 
oonios (i) through four fixed points, (u) having a common -focus and 
directrix. 

12. A variable rectangular hyperbola passes through two fixed points 
A, B ; a fixed lino 2 perpendicular to AB cuts the curve at P, P' ; prove 
that P, P' generate an involution on 2. 

18. Through a point V, lines Va, VjS, V V are drawn parallel to the 
sides BC, CA, AB of a triangle ; prove that V',A, a ; B. /3 ; C, 7 } is in 
involution. 

14. PP' is a variable chord of a given oomc ; A is a fixed point on the 
conic. If PP' passes through a fixed point B, prove that AP, AP 7 
generate an involution pencil. [Project the conic into a circle with the 
projection of B as oentre.] 

16. A, A' ; B, B' ; C. C' , D, D' are four fixed point-pairs in involu- 
tion ; H is a variable point on the base ; P, Q, R. S are the harmonic 
conjugates of H w.r.t. the four point-pairs ; prove that jPQRSj is 
constant. 



CHAPTER XI 

INVOLUTION PROPERTIES OF THE CONIC 

Involution Ranges. A, A', B. B', C, C' , are a system of pairs 
of points on a conic , V t , V 2 are any two other points on the conic. 
By the fundamental cross-ratio property, if the line pairs V 2 A, V,A' . 
V,B, VjB' , VjC, VjC' , form an involution pencil, then also the 
line pairs V 2 A, V 2 A' , V 2 B, V 2 B' , V 2 C, V,C' , form an involution 
pencil As in Chapter IX , it is therefore unnecessary to specify the 
particular position of the pomt V on the conic, when dealing with 
the cross ratio properties of the pencil V{AA BB'CC' } 

Definition. A system of point pairs A. A' , B, B' , on a conic 
is called an involution range of points on the come or an involution 
range of the second order, if their joins to any other pomt on the 
come form an involution pencil 

It is therefore evident that the necessary and sufficient condition 
that the pomt pairs A, A' , B, B , C, C' , on a conic should form 
an involution is that the ranges (AA BB CC' }, {A'AB'BC'C } 
of points on the conic should be homographic 

Theorem 118. An involution range of points on a conic exists 
and is determined umquely when two point pairs on the conic are 
given, and there exist two and only two points on the conic (real 
or conjugate imagmanes), each of which is a comcident pomt pair 
of the involution 

This follows at once from Theorem 112 (1), (3) 

Note The coincident point-pairs are called the double points of 
the involution. 
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119 . (1) If A, A' ; B, B' ; C, C' ; ... are poiat-pairs erf 
an involution range of points on a oonio, and if E, F are the double 
points, then AA', BB', CC', ... ooncur at the pole 0 of EF w.r.t. the 
conk. 

(2) If A, A' ; B, B' ; C. C' ; ... are pairs of points on a oonie such 
that AA', BB', CC', ... concur at a point O, then the plant- pairs 
A, A' ; B, B' ; ... form an involution range on the oonio, having as 
double points the meets E, F of the conic with the polar of O. 



(1) By Theorems 112 (3), E{PP' ; EF} is harmonic. 

. . E{PP ; OF} is harmonic ; similarly, F{PP ' ; OEJ is harmonic. 
These pencils have a common corresponding ray EF. 

. . the meets of EP, FP ; EP', FP' ; EO. FO are collinear. 


PP' passes through O. 

(2) Let EF cut PP' at P", 

Then EfEF; PP'f=E{0 P" ; PP'} = {OP"; PP'}=-1 
E{EF ; PP'} is harmonic. 

. . by Theorem 112 (4), FP, EP' generate an involution pencil with 
EE, EF as double lines. 

• ■ P generate an involution range of points on the conic with 
E, F as double pointa q g 
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Involution Pencils. There are dual properties corresponding to 
many of the results in this chapter ; as they can be established by 
the ordinary dual method, we shall omit the proofs and merely 
enumerate the results. The reader should draw his own figure in 
each case. 

Definitions. 

(1) A system of tangent pairs a, a' ; 6, h' ; ... to a conic is called 
an involution pencil of tangents to the conic or an involution pencil 
of the second order if their meets with one other tangent (and there- 
fore with any other tangent) to the conic form an involution range. 

(2) A tangent to the conic which is a coincident tangent-pair of 
the involution is called a double line of the involution of tangents 
to the conio. 

Theorem 180. An involution pencil of tangents to a conic exists 
and is determined uniquely when two tangent-pairs to the conic 
are given ; and there exist two and only two tangents to the conic 
(real or conjugate imaginaries), each of which is a coincident tangent 
pair of the Involution. 

This is the dual of Theorem 118. 

Theorem 181. (1) If a, a' ; h, h' ; c, c' ; are tangent-pairs of 
an involution pencil of tangents to a conic, and if e,/ are the double 
lines, then aa', 66', cc', ... lie on a straight line, the polar o of e/ 
w.r.t. the conic, 

(2) If a, a' ; 6, 6' ; c, o’ ; ... are pairs of tangents to a conio such 
that aa’, 66', cc', ... he on a straight hue o, then the tangent-pairs 
a, a' ; b, b' ; ... form an involution pencil of tangents to the conic, 
having as double lines the tangents e, f to the conic from the pole 
of o. 

This is the dual of Theorem 119. 
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EXERCISE XI. a. 

I. Two chords PQ, RS of a conic meet at H , MN is the tangent at 
a point M of the oomc , pro ve that MP, MQ , MR, MS , MH, MN form 
an involution 

2 The vertex A of the triangle ABC is a fixed point oh a given 
conic, and the mid point and direction of BC are fixed If AB, AC 
cut the oomc again at B , C , prove that B C passes through a fixed 
point 

8 0 is a fixed point , p p' are a variable line pair of a given involu- 
tion. P, P' are the feet of the perpendiculars from O to p, p ' , prove 
that PP' passes through a fixed point 

4. A variable triangle is inscribed m a given conic , two of its sides 
pass through fixed points , prove that its vertices trace out homographic 
ranges of points on the conic 

5 A variable quadrilateral circumscribes a given conic , three of its 
vertices lie on fixed lines , prove that its sides generate homographic 
pencils of tangents to the oomc 

6 If A, A ; B, B ; C. C' ; are point-pairs of an involution range 

on a conic, prove that the point at which AA , BB', CC , concur is 
the pole w r t the conic of the crow-axis of the homographic ranges 
{A, B, C, }, {A', B , C , } of points on the come 

What is the dual theorem f 

7. A is a fixed point on a given tangent AC to a conic S , P, ft are 
variable points on AC such that AP. AQ subtend equal angles at a 
faxed point B , prove that the other tangents from P, Q to S meet on a 
fixed lme 

! Obi fixed point on a conic S ; PQ is a variable chord of S such 
that OP, OQ are equally inclined to a fixed line ; prove that PQ passes 
through a fixed point. 

fl AB is a pommon tangent of two conics Sj S* , from a variable 
point T on a fixed line, tangents are drawn to $ x and meet AB at P, Q , 
find tlie locus of the meet of the other tangents from P, Q to S t 

10. Tangents are drawn from a variable point on a fixed line to a 
given oomc and meet a fixed tangent to the come at P, Q , prove tbat 
P, Q generate an involution range 

II. A is a common point of two conics S l? S a , PQ is a variable chord 
of Si passing through a fixed point , AP, AQ meet S* at P\ Q' , prove 
that PQ' passes through a fixed point 

IS. AB is a fixed diameter of a come S , C is a fixed point on the 
tangent at B , a variable line through C cuts S at P, Q , BP, BQ meet 
the tangent at A in P', Q' , prove that the mid point of P Q' is fixed 
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18. A fixed circle S cute a variable circle of a given coaxal system 
at P, P , prove that P, P generate an mvolution range on S 

14. A is a fixed point on a conic S , a variable pair of parallel tangents 
to S meet a fixed tangent at P, Q , AP, AQ meet S at P', Q , ti n( i the 
envelope of P Q 

16 A variable circle cuts two fixed circles orthogonally ; prove that 
the points of intersection generate involution ranges on the fixed circles. 

16 From a variable poult oil a fixed line, tangents p, q are dr awn to 
a parabola From a fixed point O, lines OP, OQ are drawn parallel to 
p, q , prove that OP, OQ generate an mvolution pencil 

17 Two chords PQ RS of a conic meet on the chord AB , if Q is the 
pole of AB, prove that AP, AQ , AR, AS , AO, AB form an mv(,i„( im 

18 A, B, C, D, P are five points on a conic , O is any other pomt > 
OA OB cut the conic again at A , B' prove that 

OfACBD} =P{ACBD} x P{A CB D} or P{ACBD}-P{A CB t>} 

19 A fixed circle passes through the centre of a given coiue J a 
variable pair of conjugate diameters of the conic meet the circle at p, Q , 
prove that PQ passes through a fixed pomt 

20 A, B, C, P, Q, R are six points on a conic , if R{PABC} = R{Q,CBA} ( 
prove that PQ meets AC on the tangent at B 

21 T is the pole of a fixed chord PQ of a conic , a variable lin e cuts 
TP, TQ at H, K and PQ at a fixed point O , prove that the other tangents 
Irnm ,H,. ,K to the cnmc meet nn a fixed Jidp 
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Theorem 122. [Desargues’ Theorem,] 

If a system of conics pass through four fixed points— three of the 
oonk* being pairs of lines — then the meets of any hue with the conics 
form point pairs in involution. 



Let A, B, C D be the fixed points and l the given line. 

Let the meets of (with BC, AD , CA, BD , AB, CD be A,, A„ , B,. B a ; 
C,, Cj, and let the meets of 1 with any conic of the sy stem be P, , P 2 . 
Then C{P l P,AB) = D'P,P,AB} , 

t {PjPjBjA,} - (PiPjAjBj} = {PjP 1 B,A 2 1 , 

. A,, A 2 . Bj, Bj . Pj, P a form an involution. 

Similarly, C t , C 2 , B v B 2 , P r p a form an involution 
But an involution is defined uniquely by the two point pairs 
B t> Bj , Pi, P a Therefore Aj, A 2 , B I; B 2 , C„ C„ . P,, P 2 are m 
involution, and the meets of l with any other conic of the system are 
pomt-pairs of the same involution Q E D 

Corollary. If X,, X s is any point pair of the same in\ olution, a 
oomc can be drawn through the six points A, 8. C. D. X ; , X 2 
Hole, This theorem may bo proied easily by' projection Project 
B, C into the circular points at infinity, and the result follows from 
Theorem 109 

Definition. A system of conics which pass through four 'fixed 
point* is called a pencil of come*. 

The following results are all special cases of Desargues’ theorem. 
(1) If a line l touches one of a pencil of conics, the point of contact 
of l is the double point of the involution formed by the meets of l 
with the oonics. 
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(2) Two and only two conics can be drawn to pass through four 
points and to touch a given line ; and in particular two and only two 
parabolas can be drawn through four given points. 

(3) If PQR is the diagonal point- triangle of the quadrangle ABCD, 
the meets of any line through P with the pencil of eonios throughj 
A, B, C, 0 form an involution having P as one of the double points. 


Theorem 128. [Lamp’s Theorem ] 

(1) If two points P. Q are conjugate w.r t. each of two oorucs 
S], S s , then they are conjugate w.r.t. every conio passing through 
the four common points of Sj, S 2 . 

(2) The polars of a given point P w r.t. a penoil of eonios are 
concurrent. 



(1) Let A, A' ; B, B' be the meets of PQ with S,. S 2 - 

Smce P, Q are conjugate points, {AA' , PQ.! and {BB' , PQ) are 
harmonic. Therefore P, Q are the double points of the involution 
defined by A, A ; B, B'. 

Let X, X' be the meets of PQ with any conio S of the pencil, 
determined by S,, S 2 . Then X, X' is a point- pair of the same involu- 
tion, {XX' ; PQ} is harmonic. 

,\ P. Q are conjugate w.r.t. S. 

(2) Since P, Q are oonjugate w.r.t. S, the polar of P w.r.t. S passes 
through Q. Therefore the polar of P w.r.t, any conio of the pencil 
passes through Q. 

the polars are concurrent. Q.E.D. 
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Theorem 124. [Sturm's Theorem ] 

If a system of comos touch four fixed lines — three of these conics 
being pairs of points — then the tangents from any point L to the 
conics form line pairs in involution. 


ac 



Tills is the dual of Desargues’ theorem [Th 122], and is proved 
by the usual literal and verbal changes. 

Corollary. II r,. r, is any line pair oi the involution through L, 
a come can be drawn to touch the six lines a, b, c, d, r, c 2 

Definition. A system of conics which touch four fixed hues is 
called a range of conics 

The following results are all special cases of Sturm’s theorem 

(1) If a point L lies on one of a range of conics, the tangent at L is 
a double line of the involution former! by the line pairs of the tangents 
from L to the (Aimes 

(2) Two and only two conics can be drawn to touch four lines 
and to pass through a given point. 

(3) If pqr is the diagonal line-triangle of the quadrilateral abed, 
the tangents from any point on p to the range of oomes touching 
a, b, o, d fo.rm an involution having’ p as one of the double lines. 
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Theorem 186. (1) If two lines p, q are conjugate w.r.t. each of 

two oonies S), S s , then they are conjugate w.r.t. every come touching 
the four common tangents of S £ . 

(2) The poles of a given line p w.r.t. a range of conics are coll, near> 

(3 1 The centres of a range of conics are colhnear. 

(1) and (2) are the duals of Theorem 123, and (3) follows fro m (2) 
by taking the given line as the line at infinity. 

Desargues’ theorem yields a very neat proof of Pascal’s property. 
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Let 123456 be the inscribed hexagon ; let 12, 45 meet at L_ an( ] 
34, 61 at N , join LN and produce it to meet the conic at A l; . 
let LN meet 14 at P, and take a point P' on LN so that the {x>mt- 
pairs L. N , A, A' . P P' form an involution 

Apply Desargues’ theorem to the inscribed quadrangle f234 
then P' lies on 23. 

Apply Desargues’ theorem to the inscribed quadrangle 1&54 . 
then P' lies on 56. 

23. 56 meet at P', which is colhnear with L, N. 


Q-E.D. 
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GonitnH&m. To construct a como to pass through three given 
points and to touch two given lines 



Let A, B, C be the given points and OH, OK the given lines It 
is required to find the points H, K at which the come touches OH, OK 
Let AB cut OH, OK at P,, P s and HK at E , and let BC cut OH, OK 
at Q], Qj and HK at F 

By Desargues theorem, E is a double point of the involution 
determined by A, B , P r P 2 , and therefore has one of two possible 
positions wlueh can be constructed 
Similarly, F is a double point of the involution determined by 
B, C , Qj, ftj, and therefore has one of two possible positions winch 
can be constructed 

The hue EF which meetB OH, OK at the required points H, K has 
therefore four possible positions, and so four oomes can be con- 
structed to satisfy the given conditions 
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EXERCISE XI. b. , 

1. Deduce from Desargues’ theorem that the intercept of any tangent 
to a hyperbola between the asymptotes is bisected at the pomt ol oontact 

2. Two ooruea touch the same hue at P, Q respectively and cut 
at A, B, C, D ; R is the mid-point of PQ ; prove that the conic through 
A, B. C, D, R has one asymptote parallel to PQ 

8 Two oomos cut at A, B, C, D , a straight line touches them at 
P, Q, and cuts AC, BD at H, K , prove that {PQ , H K) is harmonic 

4. O is the imd-point of a chord AB of a conic , C, D are points on 
AB equidistant from O , two lines CPQ, DRS cut the come at P, Q and 
R, S , if PR, QS meet AB at X, V, prove that CX =D Y. 

6 P is any pomt on a chord AB of a conic , a line through P cuts the 
come m C, D and the tangents at A, B to the come in Q, R , prove that 
PC PR QD=PD PQ CR 

6 H is the mid pomt of a ohord AB of a come , PQ, RS are two 
chords through H , PR, QS meet AB at X, Y , prove that AX — BY 

7 A pair of common chords of two conics Sj. S a meet at T , the 
tangent TP to Si cuts S 4 at H, K , prove that {TP , HK) is harmonic 

8. A line drawn through a point P on a hyperbola, parallel to an 
asymptote, cuts two pairs of opposite sides of an inscribed quadrangle 
in H, H' , K, K', prove that PH PH'=PK PK' 

9 The three pairs of opposite sides of a quadrangle inscribed in a 
hyperbola meet an asymptote in P, P' , Q, Q' , R, R' , prove that 
PQ = P'Q' and QR =Q'R' 

10 A diameter of a parabola meets a chord PQ m H, the tangents at 
P, Q m M, N arid the curve in 0 ; prove that OH‘ =OM ON 

11. PQ is a chord of a conic bisecting another chord AB at O , the 
tangents at P. Q meet AB ui S, T , prove that AS ■ BT 

12 P, Q, R, S, T are five points on a conic , PQ, RS, PR, QS cut the 
tangent at T in H, K, M, N , prove that i + -/n 

18 From a fixed pomt, lines are drawn parallel to the sides of a 
quadrangle , prove that they form an involution 

14. A variable como passes through four fixed points A. B, C, D and 
cuts a fixed como through A, B m P, Q , prove that PQ passes through 
a fixed pomt 

15. The circle of curvature at a pomt P of a conic cute the conic 
again at Q , prove that PQ and the tangent at P divide harmonically 
the other oommon tangent of the circle and the como 

18 The tangents at the points P, P' on a hyperbola meet an asymptote 
at Q, Q' , prove that PP' bisects QQ' 
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17. A variable chord PQ of a oonic passes through a fired point A 
B is another fixed point , BP, BQ, meet the como again at R, S ; provt 
that RS passes through a fixed point. 

18. ABC is a given triangle inscribed in a conic ; O is a fixed point 
on the oomo ; a variable line through 0 cuts the conic again at P and 

BC, CA, AB at Q. R, S ; prove that -PQRS} is constant. 

18. From a fixed point 0, lines OA'. OB', OC' are drawn parallel to 
the sides BC, CA, AB of a triangle , prove that OA, OA' ; OB, OB' ; 
OC, OC' form an involution 

SO. PCP', DCD' are conjugate diameters of an ellipse ; the lines 
joining D, D' to a variable pomt Q on the ellipse meet the tangent at P in 

X, Y ; prove that px~pY=cD ‘ 

81. Two parabolas touch at P and cut at Q, R ; prove that PQ, PR 
are harmonically conjugate to the diameters through P 

82. A system of conics circumscribe a given triangle and have a 
common parr of conjugate points , prove that they pass through a 
fourth fixed point. 

28. A transversal cuts the sides BC, CA. AB of a triangle at P, Q, R ; 
three other points P'. Q', R' are taken such that P, P' , ft, ft ' ; R, R' 
farm an involution ; provo that AP', 8Q', CR’ are concurrent 

24. The aides BC, CA, AB of a triangle touch a conic at D, E F , 
PT is the tangent at any pomt P of the conic , prove that 

P[TABCi = P{TDEF} 

SIS. Threo equidistant lines, parallel to an asymptote of a onme, meet 
the curve at P, ft, R ; prove that any hne parallel to the other asymptote 
is cut harmonically by the curve and PQ, QR, RP 

2#. AB, CD are conjugate chords of a conic ; any chord AP meets 
BC, CD, DB at ft, R, S , prove that {PR , ftS! is harmonic 

27. 0 is one of the common points of two conics and OP. Oft are the 
tangents at O ; if A. A' is one pair of opposite vertices of the quadrilateral 
formed by their common tangents, prove that 0{AA' ; PQ! is harmonic. 

28 ABCD is a quadrilateral circumscribing a conic . a tangent at any 
point P on the come cuts CD at Q ; AP. BP tut CD at L. M ; prove that 
{QMLC) ={QDCL). 

28. ABCD. A'B'C'D’ are two quadrilaterals circumscribing a conic ; if 
AA', BB', CC' concur at a point O, prove that DD' alBo passes through O 

80. A. A' ; B. B' ; C, C' are the pairs of opposite vertices of a quadri- 
lateral , (AA' ; PQ} and {BB' ; RS} are harmonic ranges ; prove that 
PR and QS cut CC' harmonically. 

81. Prove that the feet of the perpendiculars from the six vertices of 
a quadrilateral to any straight line form an involution. 

82. Four circles have one common pomt ; prove that their radical 
axes form an involution pencil 
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88. A, A' ; 8, B' are two pairs of opposite vertices of the quadrilateral 
formed by the common tangents of two conics which cut orthogonally 
it P , prove that L APB = L A'PB' 

84. ABC is a triangle circumscribing a conic ; the polar of A meets 
3C at D , a tangent at any point Q, of the conic meets the other tangent 
from D in T ; prove that T{BC , Q,A) is harmonic 

85. The poles of two fixed lmes w r t a variable conic are fixed points ; 
prove that the locus of the centre of the conic is a straight line. 

36. Construct a conic to pass through three given points and have 
double contact with a given oomc 

37. Construct a come to pass through two given points and touch 
three given lmes 

38. Construct a conic, given four points on it and a pair of points 
conjugate w r t it 

Theorem 126. [Frdgiu s Theorem ] 

If a variable chord PP' of a conic subtends a right angle at a fixed 
point V on the conic, then it passes through a fixed point P situated 
on the normal at V. 



Let Q.Q', RR', SS', be other positions of the chord. 

Since l PVP' = 90° = _ Q.VQ,' - , the line pairs VP, VP', VQ, 

VQ' , form an involution 

P, P' , Q,, Q,' , R, R' , foi m an involution range of points 
on the come , therefore PP', QQ', RR', are concurrent. 

But one position of PP' is the normal VX at V, since _ VVX = 90 °. 
Therefore PP' passes through a fixed point F on the normal at V 

QED. 

Definition. The fixed point F in Theorem 126 is called the 

Frtgier point of the point V. 
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EXERCISE XI. c. 


1. If V is a point on a rectangular hyperbola, prove that the Fregier 
point of V js at infinity. 


2. QR is a chord of a rectangular hyperbola parallel tp the normal at 
a point P on the curve . prove that L QPR =90. 


8. Prove Frbgier’s theorem by reciprocating w.r.t V. 


4 . F is the Fregier point of a point V on a parabola ; prove that VF 
is bisected by the axis of the parabola 


6. F is the Fregier point of a point V on a central conic ; ACA', 
BOB' are the principal axes ; prove that CA, CB are the bisectors of 
A.VCF. 


8 . On a chord PQ, of a rectangular hyperbola as diameter a circle is 
described, cutting the curve again at V, V' ; prove that the normals at 
V, V' are parallel. 

7. If a chord of a parabola subtends a right angle at the vertex A and 
meeta the axis at F, prove that AF is equal to the latus rectum. 

8 . Prove that circles whose diameters are parallel chords of a rect- 
angular hyperbola are ooaxnl. 

9 . A parabola, focus S, reciprocated i» r.t. a point C, becomes 
conic a ; prove that S becomes the polar of the Frfgier point of 
w r.t. or. 


O SD 
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Theorem 127. (1) Every conic through the four common points 

A, B, C, D of two rectangular hyperbolas is a rectangular hyperbola ; 
and 0 is the orthocentre of the triangle ABC. 

(2) If a rectangular hyperbola circumscribes a triangle ABC, it 
passes through its orthocentre. 

(1) Let <u, (i>' be the circular points at infinity ; then w, w' are 
conjugate points w.r.t. the two given rectangular hyperbolas through 
A. B, C, D, and therefore by Theorem 123 w, a>' are conjugate points 
w.r.t. every conic through A, B, C, D. 

every such conic is a rectangular hyperbola. 

But AB, CD ; AC, BD ; AD, BC are three conics of the pencil ; 
therefore they are perpendicular line-pairs. 

,\ D is the orthocentre of the triangle ABC. 

(2) Let the perpendicular from A to BC cut the curve in D t then 
the givon rectangular hyperbola and the perpendicular line-pair 
AD, BC determine a pencil of rectangular hyperbolas. 

But AB, CD is a conic of this pencil, and so AB is perpendicular 
to CD. 

.’. D is the orthocentre of the triangle ABC. Q.E.D. 

Note. This theorem was published in 1821 by Brianchon and 
Ponoelet in a joint memoir. It is capable of very simple analytical 
proof. 
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EXERCISE XI. d. 

1. PCJR is a triangle, right-angled at P, inscribed in a rectangular 
hyperbola ; prove that the tangent at P n perpendicular to QR 

2. PQ Is a chord of ft rectangular hyperbola ; the circle on PQ as 
diameter cuts the curve again at R, S ; prove that RS is a diameter of 
the hyperbola 

3. (Steiner’s Theorem ) Prove that the orthocentre of a triangle 
circumscribing a parabola hee on the directrix | Reciprocate Theorem 
127 1 

4. PQR is a self conjugate triangle wrt a conic Sj , a conic S, 
inscribed in PQR, touches a directrix of S t , prove that the director 
circle of S a passes through a focus of Sj 

6. Prove that the pedal triangle of a triangle inscribed in a rectangular 
hyperbola is self oonjugate fir the hyperbola 

6. If the normal at a point P on a rectangular hyperbola meets the 
ourve again at Q proy a that the radius of curvature at P equals iPQ 

7 If the normal at a point P on a reitangnlar hyperbola, centre C, 
meets the curve again at Q, and if R is the mid point of PQ, prove that 
L RCP =90“ 

8 ABCD is a parallelogram inscribed in a rei tangular hyperbola , 
PH, PK, PL, PM are the perpendiculars fiom a point P on the curve to 
AB. BC, CD DA prove that PH PL PK PM 

9. The mid points of the sides of a variable triangle move on a 
rectangular hyperbola , find the locus of its circumcentre 

10 . HK is a variable choid of a rectangular hyperbola, fixed in direc 
tioft, PP' is the diameter perpendicular to HK , find the locus of the 
meet of HP, KP 
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Theorem 12S. (1) Through any given point T, two oonics can be 
drawn belonging to a given confocal system ; and these conics cut 
each other orthogonally. 

(2) TX, TY are the tangents to the two confocals through T ; if 
S, H are the real foci, and if TP, TQ are the tangents from T to any 
conic of the system, then TX, TY are the internal and external 
bisectors of the angles STH and PTQ 

(3) TX, TY are conjugate lines w.r t. each conic of the system. 

(4) The locus of the poles of a given line w r.t. a system of con- 
focal conics is a line perpendicular to the given line. 

(1) Let S, H , S', H' lie the foci of the given system and id, w' 
the circular points at infinity. 

Then S, H , S', H' , u>, u>' are the pairs of opposite vertices of the 
quadrilateral circumscribing each come of the confocal system 

Let TX, TY be the double lines of the involution defined by TS, 
TH , Tw, To/. Then, by Theorem 124, Corollary, a conic of the 
s\ stem can he drawn to touch TX at T, and similarly a second conic 
of the system to touch TY at T. i 

Since TX, TY arc doublo lines, T{XY , low') is harmonic, and 
therefore _ XTY =90° 

. . the conics cut orthogonally at T 

(2) By Theorem 124, TP, TQ are a line pair of the same involu- 
tion , since the double hues are at right angles, they are the bisectors 
of the angles betn ecu each line pair of the pencil 

.' TX, TY are the bisectors of angles STH, PTQ 

(3) Since TX, TY are harmonically conjugate to each pair of 
tangents from T to the system of conics, they are conjugate lines 
H rt each conic 

(4) Let a conic of the system touch the given line TX at T, and 
let TY be the tangent at T to the second confocal through T. 

By (1), TX is jierpeudicular to TY 

By (3), TY is conjugate to TX w l t each come of the system, and 
therefore the locus of the poles of TX w r t the system is the 
perpendicular line TY. Q.E.D. 
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Theorem 129. [Pliieker’a Theorem.] 

(1) The three oiroles whose diameters are the joins of opposite 
vertices of a quadrilateral are coaxal ; and the director oiroles of all 
conies inscribed in the quadri- 
lateral belong to the same coaxal 
system. 

(2) The centres of all oonics 
inscribed in a given quadrilateral 
lie on a line passing through the 
mid-points of the joins of opposite 
vertices of the quadrilateral. 

(1) Let A, A' : B, B' ; C, C 
be the pairs of opposite vertices 
of the quadrilateral. Let the 
circles on AA', BB' as diameters 
meet at H, K. Let HP, HP' be 
the tangents from H to any conic 
S inscribed in the quadrilateral. 

By Theorem 124, HA, HA' ; HB, HB' ; HC, HC' ; HP. HP' form 
an involution. 

But l AHA' =90° =_ BHB', angles in semicircle. 

.’. since two line-pairs are at right angles, every line-pair of the 
involution is at right angles. 

,\ the circle on CC' as diameter passes through H ; and the 
director circle of S passos through H. Similarly, the circle ou CC' 
as diameter and the director circle of S pass through K. 

the circles on AA', BB', CC' as diameters are coaxal, and the 
director circles of all conics inscribed in the quadrilateral belong to 
the same coaxal system. 

(2) The centres of the circles of a coaxal system are coUinear, and 
the director circle of a conic is oonoentrio with the conic. 

Therefore the centres of all conics inscribed in the quadrilateral 
lie on a straight line whioh passes through the mid-points of AA', 
BB', CC'. “ Q.E.X>. 

Note. Theorem 129 (2) is due to Newton. Theorem 129 (1) 
was discovered independently by Gaskin ; for an alternative method 
of proof, see No. 10 below. 
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Theorem 180. (1) E, F, G, H are the feet of the four normals 
from a point O to a conic, oentre C ; M, N are the feet of the per- 
pendiculars from the pole T of EF to the axes AC A', BCB' ; if GH 
cutsCA, CB at M', N', then M'C = CM and N'C = CN. 

(2) [Joachimsthai’s Theorem,] The circle drawn through the 
feet of three of the normals from a point to a conio cuts the oonio 
again at the point which is diametrically opposite to the foot of the 
fourth 


Fro. 100 

(1) Let EF meet CA at M". *■ 

By Theorem 101, the points E, F, G, H he on a rectangular hyper- 
bola through C and having its asymptotes parallel to CA, CB; 
Now the transversal AA' is cut in involution by all conics through 
EFGH ; and point-pairs of this involution are M', IVT ; A, A' ; C, oc. 
therefore C is the centre of this involution. 

CM'. CM' = CA , CA'= -CAL 

Since T is the pole of EF, TM is the polar of M", and therefore 
{A A' ; MM"} is harmonic. 

CM . CM’ =CA’ ; ,\ CM = - CM' = M'C, and similarly CN = N'C. 

(2) Let EC meet the oonic again at E' and CT meet EF at V. 

Since EV = VF and EC=CE', CVT is parallel to E'F. 

But CT, MN are equally inclined to CA, being the diagonals of a 
roctangle ; and by (1), MN is parallel to M'N' or GH ; also CT is 
parallel to E'F. 

GH and E'F are equally inolined to CA, an axis of the conic. 

,\ the circle through FGH cuts the oonio again at E'. [See 
Exercise VI. d, No. 16, p. 107.] Q.E.D. 
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EXERCISE XI. 6. 

L From a point A on a conic S 15 tangents AB, AC are drawn to a 
confooai conic S, , prove that AB, AC are equally inclined to the tangent 
at A to S L 

2 Given two tangents to a conic and one focus, find thq locus of the 
other focus 

3. Y, Z are the feet of the perpendiculars from a focus S of an ellipse 
to two tangents TY, TZ , prove that the perpenduular from T to YZ 
passes through the other focus 

4 S, H are the foci of an ellipse , T is the pole of a chord PSQ , 
prove that the normals at P, Q meet on HT 

5 ABCD is a parallelogram circumscribing a conic, focus S , prove 
that the circles ABS, ADS are equal 

9. ABCD is a fixed parallelogram ciroumscribing a variable conic <r , 
prove that the locus of the foot of <r is a rectangular hyperbola through 
A, B, C, D 

7 One foous of an ellipse inscribed in a triangle is at the orthocentre , 
prove that the centre of the ellipse is at the mno point centre 

8. PQ is a diameter of a conic , R is a point on the curve such that 
PR, QR make equal angles with the tangent at R , prove, that the pole 
of PR lies on the director c ircle 

9 The sides BC, CA, AB of a triangle ABC, inscribed in a como S,, 
touch a oonfocal come S, at P, Q, R , prove that the escribed circles of 
ABC touch the sides at P, Q, R, 

[Let the tangents at A, B, C to S, form the triangle XYZ, and prove 
that X, Y, Z are the ex centres, Theorem 128 (2), (4) ] 

10. If H lies on the director circle of eaoh of two c owes, prove, by 
reciprocating w r.t. H, that it lies on the director circle of every conic 
touching the four common tangents of the two given conics 

11 If a sjitem of conics touches four fixed lines prove that the radical 
axis of their director circles is the directrix of the parabola touching the 
four lines 

12 T ib the pole of a chord PQ, of a oomc , prove that T la a limiting 
point of the coaxal system determined by the director circle of a and the 
circle on PQ as diameter 

13. A, B are the centres of the two rectangular hyperbolas which can 
be inscribed in a given quadrilateral , prove that any circle through 
A, B is orthogonal to the director circle of any conic inscribed in the 
quadrilateral 

14. \ variable oomc is inscribed in a given triangle , if its director 
circle passes through one fixed point, prove that it must also pass 
through a second fixed point 
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15. By taking A'B' as the line at infinity in Theorem 129 (1), deduce 
that the orthocentre of a triangle circumscribing a parabola lies on the 
directrix. 

10. Prove that the lines bisecting the joins of opposite vertices of 
each of the five quadrilaterals formed by five straight lines are con- 
current. 

17. If a parabola is mecribed m the cyclic quadrilateral ABCD, prove 
that AC, BD meet on its directrix 

18. Prove that the circumcircle of a triangle self-conjugate w.r.t. a 
conic lb orthogonal to the director circle of the conic. 

19. Prove that the centre of a conic is the radical centre of the circum- 
circles of all triangles self -conjugate w r t the conic 

20. ABCD is a quadrilateral circumscribing a parabola . prove that 
the join of the mid points of AC, BD is parallel to the axis of the parabola. 

21. A parabola is drawn to touch the four common tangents of two 
rectangular hyperbolas, pnue that its directrix is the ]>erpendicular 
bisector of the join of the centres of the hipeibolas 

22. T is the pole of the chord PQ of a parabola , prove that the 
directrix of the parabola is halfway between T and the polar of T w r t 
the circle on PQ as diameter 

23. Four conics circumscribe the triangle ABC and have a common 
focus D , prove that the director < lrcle of anj conic, touching the four 
corresponding directrices, passes through D 

Vt Prove that the circumcircle of the diagonal line triangle of a 
quadrfiafceial cuts the line passing through the mid points of the joins 
of opposite -vertices at the centres of the rectangular hyjierbolae which 
are inscribed m the quadrilateral 

25. [Harvey s Theorem ] If P, Q, R are the feet of the normals to a 
parabola from any point, prove that the circumcircle of the triangle PQR 
passes through the vertex of the parabola. 

26. P is a fixed point on a central conic , Q is a variable point on the 
normal at P ; L, M, N are the feet of the other normals from Q to the 
conic ; prove that the sides of the triangle LMN envelope a parabola* 

27. P, Q, R, S are the feet of the normals from a variable point to a 
conic , PQ passes through a fixed point, prove that RS touches a fixed 
conic 

28. PQ is a chord of a parabola fixed m direction ; prove that the 
normals at P, Q meet on a fixed line 

29. T is the pole of a chord PQ of a conic TR is a tangent at R 
to a confooal conic S 2 , then PR, QR touch a conic confocal with Sx 
and $ 2 . 

80. Two points S and H are the foci of a variable conic inscribed m a 
given tnangle Prove that, if S describes a straight line, H describes a 
conic circumscribing the tnangle 
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IStearem 131. ( 1 ) P is a variable point on a fixed kne l , P' i 9 
the point which is conjugate to P w r t. the pencil of conics through 
lour fixed points A, B, C, D , then the locus of P' is a oomc tr, which 
pauses through the poles of l wrt the comes of the pencil 
(2) The oonio rr passes through the following eleven points 
If l cuts AB at H and if H' is the harmonic conjugate of H wrt 
A, B, then t passes through H' and the corresponding five points 
on the other five sides of the quadrangle A BCD , <r also passes 
through the tluee vertioes of the diagonal point triangle of A BCD 
and through the two double points of the involution formed by the 
meets of ( with the pencil of comes 



<D Let Lj, Lj. be the poles oHwrt S, S 3 . of the pencil , 
P. 4, R, . ait a system of points on l , P . Q , R , are their 
conjugates wrt two (and theiefore ail) conics of the pencil 

. . P'Lj, Q'Lj, R L,, . and P Lj, Q. La, R'Lj, are the polara of 
P. On R . W T.t &!. S 2 

LjlP'. Q', R', } = {P, Q, Ft, }=L 2 {P',Q' f R', 1 

Therefore the Incus of P is a come cr through Lj, L,, and similarly 
through the other poles L a . L a , . of i w.r t. the other conics of the 

pencil. 
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(2) Sinoe {AB , HH'} is harmonic, H, H' are conjugate points 
wit. every come of the pencil , but H lies on 1 , . cr passes through 

H . Similarly, cr passes through the corresponding five points on 
AC, AD, BC, BD, CD 



Let EFG be the diagonal point triangle of ABCD. and let X be the 
meet of I and EG Then, since EG is the polar of F, F and X are 
conjugate [Hunts * rt every conic of the pencil, but X lies on l, 
rr pauses through F Similarly, <r passes through E and G. 

Lastly, if A, fj. are the double jfbmts of the involution on l, A and /i 
arc conjugate points wrt each conic of the pencil, and therefore 
cr passes through A, fi QED. 

Note. The conic locus <r of Theorem 131 is called the eleven- 
point conic of the pencil of conics through A, B, C, D corresjxmding 
to the line l [This name is due to Dr Taylor ] 

We may state Theorem 131 as follows 

The loru - s of the poles of a given line l ic r l a pencil of conics is the 
eleven point conic corresponding to l 

Theorem 132. The locus of tho centres of a pencil of comes 
circumscribing a fixed quadrangle is a conic circumscribing the 
common self conjugate triangle of the pencil and passing through 
the mid points of the six aides of the quadrangle, and having its 
asymptotes parallel to the axes of the two parabolas of the pencil 

This is the special case of Theorem 131 which arises when l becomes 
the line at infinity. 
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Theorem 188. (1) p is a variable line through a fixed point L , 
p in a line which is conjugate to p w.r t a range ot conics touching 
four fixed lines a, b, c,cl , then the envelope of p is a conic cr, which 
touches the polars of L w r t the conics of the range 

(2) The conic tr touches the following eleven lines : 

If h is the join of L and ab, and if h' is the harmonic conjugate 
of h w r t a, b, then cr touches h' and the corresponding five lines 
through the other five vertices of the quadrilateral abed , cr also 
touches the three sides of the diagonal luie triangle of abed and the 
two double lines of the involution formed by the tangents from L 
to the range of cornea 

Tins is merely the dual of Theorem 131 

Note. The conic envelope <r of Thooren 133 is called the eleven- 
line come of the range of comes touching a, b, c, d coi responding to 
the point L. 

We maj state Theorem 133 as follows 

The em elope of the polars of a given point L wrt a range of 
conics is the eleven line conic corresponding to L. 


EXERCISE XI. {. 

1. Provo that the centre of 8 rectangular hyperbola circumscribing: a 
given triangle hes on the nine-point circle of the triangle 

t. ABC is a triangle inscribed in a rectangular hyperbola, centre 0 , 
H is its oithucentre , HO meet* the hyperb >ia at D , prove that A, B. 
C, D are concychc 

3 If two conics of a four poult pencil have parallel axes, prove that 
all the conics have parallel axes and that one of them is a circle 

4 The conic <r is the locus of the centres of all conics of a four point 
pencil , P is any point on cr , prove that the polars of P w r t conics of 
the pencil are parallel 

8. Find the locus of the centre of a variable rectangular hyperbola 
(1) if it touches a fixed line at a fixed point and passes through another 
fixed point, (u) if it passes through a fixed point A and if its circle of 
curvature at A is fixed 

1 If a is the comc-locus of the centres of all conics through four fixed 
points A, B, C, D. prove that the centre of tr is the mean centre of A, B, 
C.D. 
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7. A variable come circumscribes a fixed cyclic quadrangle ABCD , 
prove that the locus of its oentre is a rectangular hyperbola, and that 
the axes of the two parabolas through A, B, C, D intersect at right 
angles. 

8. Prove that the nine point circles of the triangles ABC, ACD, 
ABD, BCD have one common point 

9. A, B, C, D are four points on a hyperbola , prove that the 
asymptotes of the hyperbola are parallel to a pair of conjugate diameters 
of the oentre locus of all conics through A B, C, D 

10. Five quadrangles are formed from five points, no three of which 
are collmear , prove that the five conics which pass through the mid- 
points of the sides of the quadrangles have one common point. 

11. PQ is a diameter of a rectangular hyperbola , anv circle through 
P, Q cuta^the hyperbola again at R. S , prove that RS is a diameter of 
the circle 

laiA circle meets a rectangular hyperbola at P, Q, R S , if PP' is a 
diameter of the hyperbola, prove that P' is the orthocentre of Q.RS 
18. A rectangular hyperbola circumscribes an equilateral triangle 
ABC , prove that its centre lies on the mcircle of ABC 

14 If a conic passes through the in centre and ex centres of a triangle, 
prove that its centre lies on the eircumcirele of the triangle 

15. A variable conic, centre P, passes through four fixed points . 
Q is a point on the conic, the tangent at which has a fixed direction , 
prove that PQ, passes through a fRed point 

16- EFG is the diagonal point triangle of the quadrangle ABCD . P is 
anv point , EQ, FR, GS are the harmonic conjugates of EP, FP, GP 
w r t the sides of the quadrangle which meet at E, F. G respectively , 
prove that EQ, FR, GS are concurrent 

17 Two conics eiroumsenbe a triangle and touch at one of the angular 
points ; prove that their centres, their point of contact and the mid- 
points of the sides he on a como 



CHAPTER XII 

MISCELLANEOUS PROPERTIES 

Theorem 184. (1) If two triangles circumscribe a come, tbeir six 

vertices he on another oomc. 

(2) If two triangles are inscribed in a come, their six sides touch 
a come. 

(3) The ciicumcirole of a triangle formed by three tangents to a 
parabola passes through the focus of the parabola. 



Fig 103 

(1) Let ABC, PQR be two triangles circumscribing the conic a. 
Let AB, AC cut PQ m F, G, and let RP, RQ tut BC m M, N. 
Then A{PBCQ} = AfPFGQJ =<PFGQ) 

= {MBCN}, ChssleV Theorem, 

=R{MBCN} = R[PBCQ>. 

.' A, R, P, B, C, Q, he on a conic. 

(2) This is the dual of (l). 
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(3) Suppose m Fig 102, Q and R are the circular points at infinity , 
then the conic is a parabola with P as focus, and the conic through 
A, B, C, P, ft, R becomes a oircle through A, B, C, P. Q.E.D 

Corollary. If two conics cr, 2 are such that there exists one 
triangle which is inscribed in 2 and circumscribed about cr, then an 
unlimited number of such triangles exist 
Suppose ABC is the given triangle , let any tangent to cr cut 2 
m P, ft, and let the other tangents from P, ft to o- meet at R 
Then, by Theorem 134 (1), A, B, C, P, Q,, R he on a come , but 
A, B, C, P, Q he on 2, and a come is hxed by five points , therefore 
R lies on 2 


EXERCISE XII. a. 

J l The m-centre of a triangle inscribed in a rectangular hyperbola 
m the curve , prove that the m circle passes through the centre oh 
the hyperbola 

2 A, P are the poles of the chords BC, QR of a come , prove that 
A, B, C, P, ft, R lie on a conic a 

8 A variable parabola has a fixed self conjugate triangle , prove 
that the locus of its focus is the nine point circle of the triangle 

4 Through each of two points P, Q a pair of lines is drawn bo as to 
form a cyolio quadrilateral A8CD , prove that the focus of the parabola 
inscribed in ABCD lies on Pft. 

5 If two circles S,, S a radii r„ r a , centres A P A a are such that 
triangles can be inscribed in S, and circumscribed to S a , prove that 
— 2r 1 r a is equal to the power of Ajwrt S a 

6 F is the focus of an ellipse S a , S a is a circle, centre F, of radius 
equal to the major axis , prove that an unlimited number of triangles 
can be inscribed in S a and circumscribed about Si, and that the ortho 
centre of every such triangle is at the second focus of S a 

7 If two conics 2„ d, are inch that one quadrilateral ABCD can be 
inscribed in d, and circumscribed about 1 2 , prove that an unlimited 
number of such quadrilaterals exist 

[Project into a cirole having the projection of the meet of AC, BD 
as centre J 

8 If ABCD is a variable quadrilateral inscribed m one fixed como 
and circumsc’ibed about another hxed conic, prove that AC cuts BD at 
a fixed point 
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9. T is the pole of a chord PQ of a parabola, focus S ; prove that 
TQ touches the circle through T, P, S. 

10. T is the pole of a choid PQ, of a hyperbola S 1? centre C ; a hyper- 
bola Sj is drawn through T, P, Q with asymptotes parallel to those of Si ; 
prove S a passes through C and that its centre lies on CT> 


A conic is inscribed in a triangle ABC and passes ‘through the 
ciroumo«ntre of ABC ; prove that the CLrcumcircle touches the director 
circle of the come. 

12. T is the pole of a chord PQ of a parabola, focus S ; O is the 
Siire uni centre of TPQ , prove that l OST = 90°. 


Theorem 135. If two triangles are self-conjugate w.r t. a conic, 
then their six sides touch a conic and their six vertices he on a 
conic. 


^-..B 



Let ABC, PQR be the two triangles , let PQ. PR meet BC in 
Q', R', and let AB, AC meet QR in B', C'. 

Now Q' is the m<-et of PQ, BC, whoso poles aie R. A 

the polar of Q' is AR, and similarly the polar of R’ is AQ 
.'. jBQ'R'Ci =A(CRQB), pencil of polars, 

= {C'RQB'1 = {B'QRC'). 

SB', QQ', RR'. CC' touch a conic, touching BC, B'C'. 

the sides of ABC, PQR touch a conic. 

by Theorem J 34, the six vertices lie on a conic Q.E.P. 
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Theorem 136. (1) If two triangles are inscribed m the same conic, 

there exists a conic w r t w Inch both triangles are self conjugate. 

(2) If two triangles circumscribe the same conic, there exists a 
conic wrt which both triangles are self conjugate. 



(1) Let ABC, PQR be the two triangles inscribed in a conic 2 
Pioject QR to infinity and P into the orthoccntie of the projection 

of the triangle ABC Denote conesponding elements of the new 
tigure by small letters 

Since ir circumscribes abc ami passes through its ortbocentre p, 
cr is a rectangular hyperbola But q, r are points at infinity on or , 
_ qpr — 90 

pqr is a s< If conjugate triangle wrt an\ circle, centre p 
Let a , be the circle wrt which the triangle abc is self conjugate , 
then the centre of <r, is at th( orthoci ntre of abc Therefore abc and 
pqr are both self conjugate wrt oq 

in the original figure, there exists a conic w r t. which 
ABC and PQR are each self conjugate 

(2) If two triangles circumscribe the same conic, their six vertices 
lie on another conic, and therefore the required result follows from (1). 

Q.E.D 
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Thtoma 187. (1) If two conics S a are such that there exists 
one triangle which is inscribed in Sj and is seif - conjugate to S 8 , then 
on unlimited number of such triangles exist. 

(S) If two conies S,, S 2 are such that there exists one triangle 
which is circumscribed about S, and is self- conjugate to S,, then an 
unlimited number of such triangles exist. 



(1) Let ABC be inscribed in S, and self-conjugate to S 2 . 

Take any point P on S, and let the polar of P w.r.t. S 2 cut S, 
at Q ; let the fine tfirougfi P conjugate to PQ w.r.t. S 2 cut the polar 
of P at R. 

Then PQR is self-conjugate w.r.t. S,. 

by Theorem 135, A, B, C, P, Q, R lie on a conic. 

But A, B, C, P, Q lie on S,. and a conic is determined by g V e 
points ; therefore R lies on S,. 

(2) This follows by a method similar to that used for (1), or it may 

be treated as the dual of (1). Q.E.D. 

Definitions. 

(1) The conic Sj is said to be harmonically circumscribed to the 
conic Sj if Sj circumscribes one triangle (and therefore an unlimited 
number; self- conjugate w.r.t. Sj. 

(2) The conic S t is said to be harmonically inscribed in the conic 
Sj if Sj is inscribed in one triangle land therefore in an unlimited 
number) self-conjugate w.r.t. S 2 . 
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Theorem 188. If a conic is harmonically circumscribed to a 
conic 8* then S, is harmonically inscribed in Sj. 



PQR is a triangle inscribed in S, and self-conjugate w.r.t. S 2 . 

Let S be a conic w.r.t. which Sj and S 2 are reciprocal. Reciprocate 
the figure w.r.t. S and consider in one system the new figure and the 
old figure. 

S, becomes S 2 , and S 2 becomes Sj ; PQR becomes a triangle pqr 
circumscribing S 2 and self-conjugate w.r.t. Sj. 

.'. S a ia harmonically inscribed in S v Q.E.D. 

Corollary. If PQR is a triangle circumscribing a rectangular 
hyperbola S, the polar circle <r of PQR passes through the centre C 
of S. 

Denote the circular points at infinity by <u, u/. 

By hypothesis S is harmonically inscribed in cr ; therefore cr is 
harmonically circumscribed about S. 

But C«u>' is a triangle self- conjugate w.r.t. 8, and two of its 
vertices «, co' lie on cr ; therefore C also lies on cr. 


d.f o. 


o 
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Theorem 1®. If a triangle is inscribed in a oimc Sj and oircum 
scribed about a conic S 2 , it is self-conjugate w.rt a conic w.r.t. 
whioh % and Sj are reciprocal 



Take two triangles A,B,C,, A 2 B;C. which are inscribed in S, and 
circumscribed about S 2 Let S be the conic w r t which both 
triangles are self conjugate, and reciprocate the system w r t S 
Then the triangles AjEjCj, AjB 2 C 2 bang self conjugate wrt S 
reciprocate into themselves, and therefoie S[ reciprocates into the 
conic touching the rii aides of these triangles i e into S 2 

S is a conic wrt which S 2 and S 2 are reciprocal Q E D 
Corollary. If a triangle ABC is inscribed in a conic S, and circum 
scribed about a conic So, and if PQR is the common self-conjugate 
triangle of S t and S 2 then A, B, C, P Q, R he on a come 

This follows from Theorem 135 and Theorem 78, Corollary, 
since ABC and PQR are each self eonj ugate wrt the come S 


EXERCISE XH. b. 

I. If the polar circle of a triangle circumscribing a conic passes 
through the centre of the conic, pro\ e that the conic must be a rectangular 
hyperbola 

B. PQR is a triangle self-conjugate wrt a rectangular hyperbola, 

centre C , prove that P, Q R, C lie on a circle 

3. The sides of a triangle touch a conic S x at A B, C, and its vertices 
lie on the conic S 2 , PQR is the common self -conjugate triangle of S t , S 2 
prove that A B, C, P, Q, R lie on a conic 
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4 PQR is a triangle self conjugate « rt a conic, centre C , prove 
that the asymptotes of any hyperbola through P, Q, R, C are parallel 
to conjugate diameters of the given conio 

5 T is the pole of a chord PQ of a conic Sj , S 2 is a conic through T 
touching PCI at P , prove that S 2 is harmonically inscribed in S, 

0 CP, CD are conjugate semi diameters of a conic Si , S, is a 
hyperbola through C with ite asymptotes parallel to CP, CD , prove 
that Si is harmonically inscribed in S 2 

7 AB is the diameter of a circle Si S 2 is a conic having AB as 
dire tnx and its corresponding focus on Si , prove that S 2 is harmonically 
iris nbed in Si 

8 The centre of a circle Si lies on a rectangular hyperbola S 2 , prove 
that S, is harmonically inscribed in S 2 

9 Prove that anv (ircle whose centre lies on the directrix of a 
parabola is harmonically circumscribed about the parabola 

1" Prove that any circle through the focus of a paribola circumscribes 
triangles in which the parabola is inscribed 

11 The orthocentre H of a triangle ABC inscribed in a conic S lies 
on the dir* ct ir circ Ip of S pr ve that the polar of H w 7 r t S touches the 
circle w r t whuh ABC is self < mjugate 

12 PQ, is a chord of a rectangular hyperbola, centre C pro\e that 
the pole of PQ Iks on the circle through C, which touches PQ at P 

13 T is the pole of a chord PQ of a conic S ABC is a self uinjugate 
triangle w rt S pioye that any conn through A B C, T outs PQ 
hai moult ally 

14 The focus S of a conn- o, lies on the dnector tncle tf a conic <r 2 , 
if cr, is harmonitalh inscribed to r 2 piove that cry touches the polar of 
Swrt cr 2 

Theorem 140. If PQR is a triangle self conjugate w r t a conic S, 
there exists an unlimited number of quadi daterals which ciicumscnbe 
S and have PQR as diagonal lme triangle 

Project 5 into a circle cr having the projection p of P as centre 
then qr becomes the lme at infinity and pq pr become perpendicular 
ladn of the circle 

Suppose any tangent to the circle cuts pq, pr at a, b , then from 
symmetry ab is the side of a rhombus circumscribing the circle and 
hay mg pqr as diagonal line triangle , therefore an unlimited number 
of such ihombuses exist Therefore in the original figure an un 
limited number of quadrilaterals satisfying the required conditions 
exist Q E.D. 


D t O 


o2 
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Theorem 141. [Ga&km s Theorem ] 

The circumcircle of a triangle, self conjugate wrt a conic, is 
orthogonal to the director circle of the como 


C 



Let PQR be the self conjugate triangle circumscribe a quadn 
lateral about the oonio having PQR as diagonal line triangle , lit 
A, A . B B , C C lie the pairs of opposite vertices 

Since (AA PR [BB', PQ 1 ICC Q.R arc harmonic, the circles 
whose diameteis aie AA BB , CC are orthogonal to the circle PCJR 
Therefore the circle PQR is orthogonal to even circle coaxal with 
these circles, and is therefore orthogonal to the director cncle of the 
conic QED 

Note This theorem was discovered bj Gaskin m 1852 and 
independently bj Faure in 1860 

Theorem 142. The polar circle S of a triangle cireumsciibmg a 
conic <T is orthogonal to the director i lrcle of c r 
By hypothesis <r is harmomcallv inscribed m S 

S is harmomcallv circumscribed about <t, and so S circum- 
scribes a tnangle self conjttgate to i r 

. . S is orthogonal to the director circle of cr 


QED 
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Theorem 143. [Steiner’s Theorem ] The orthoeentre of a 
triangle circumscribing a parabola lies on the directrix 
The director circle of a parabola is the directrix , therefore by 
Theorem 142 the polar circle of the given triangle is orthogonal to 
the directrix of the parabola, and so its centre lies on the directrix. 
But its centre is the orthocentre of the triangle . the orthocentre 
of the triangle lies on the directrix QED 

Note. For another method of proof, see Ex XI e, No 15 


EXERCISE XH. c. 

1. If a variable conic touches a fixed line a and has a fixed self- 
conjugate triangle pqr, then there are three other fixed lines b, r, d which 
touch the conic, and pqr is the diagonal hne-tnangle of the quadrilateral 

abed. 

Further, every conic touching a, b, c, d has pqr as a self-conjugate 
triangle. 

2. Enunciate and prove the dual of No 1 

3 Prove that the circumoentre of a triangle, self-conjugate to a 
parabola, lies on the directrix 

4 Prove that the circnmcircle of a triangle, self-conjugate to a 
rectangular hyperbola, passes through the centre of the hyperbola 

6 If two circles are harmonically circumscnbed about a conic prove 
that their radical axis pauses through the centre of the conic 

6 S is a focus of a conn <r inscribed in a triangle PQR , a rectangular 
hyperbola is drawn through S having PQR as a seif conjugate triangle , 
prove that it tom hes the major axis of a 

7 Two conics have double contact at A B and are each harmonically 
circumscnbed to a conic S prove that AB touches S 

8 The cucuini ucTe of a tnangle self conjugate w r t a given como, 
is of fixed si/e hnd the locus of its centre 

9 P is anv point on the directrix of a conic, focus S, P T is the 
tangent from P to the director circle , prov e that PT PS 

10. A rectangular hyperbola is harmonicall) c lrcumsmbed to a 
parabola prove that the axis of the parabola is parallel to the polar of 
the focus of the parabola w r t the hyperbola 

11 PQR 18 a variable triangle self conjugate wrt a given parabola, 
if P is fixed, prove that the circle PQR belongs to a fixed coaxal eastern. 

12 a, b are the axes of a variable c onic inscribed m a given tnangle , 
find the centre of the conic for which a 2 + 6 a is least 
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15. If a triangle in self-coni agate w.i.t a rectangular hyperbola, prove 
that its in-centre and ex-centre lie on the curve. 

14, PT, QT are tangents to a parabola ; P is the point of contact of 
PT, and PQ is drawn perpendicular to TQ and meets the directrix at D ; 
prove that i.DTP = 90°. 

18. A conic is inscribed in a triangle seif -conjugate w r t a rectangular 
hyperbola and has one focus at the centre of the hyperbola ; prove that 
it is a parabola. 

16. G is the centroid of a triangle ABC circumscribing a parabola ; 
prove that the polar of G w r t. the parabola touches the oonie which 
passes through A, B, C and lifts its centre at G- 

17. The polar circle of a triangle circumscribing a conic passes through 
a focus ; prove that the orthocentre of the triangle lies on a directrix 

18. A variable conic it inscribed in a fixed triangle ; if the sum of the 
squares of its aies is constant, prove that the locus of its centre is a circle 
whose centre is the orthocentre of the triangle. 

19. Two circles S„ S a are harmonically circumscribed about a conic <r ; 
prove that any cirole ooaxal with S„ S 2 is harmonically circumscribed 
about <r, 

Generalise this theorem. 

20. Two circles S,, S 2 are harmonically circumscribed about a conic 
i r ; prove that the limiting points of the cnaxal system defined by S,. $ 2 
lie on the director circle of <r. 

21. BE, CF are altitudes of the triangle ABC ; EF meets BC at H : 
prove that the focus of the parabola inscribed in ABC and touching EF 
lies on AH. 

22. Find the locus of the eircuin.-entre of the triangle formed by two 
fixed tangents and one variable tangent of a parabola. 

23. <r, is a parabola harmonically inscribed in a luperbola cr a , prove 
that the asymptotes of cr 2 are conjugate lines wrt <rj. 

24. A system of coniCB touch three fixed lines ; prove that their 
director circles have a common radical centre. 

26. 8, H are the foci of a conic Z inscribed m ^ABO, <r v a z are the 
conics inscribed m ^ABC harms: S, H as centres If are the radu 
of the director circles of <r 2 , cr 2 , and if c is the major twos of 2, prove that 
ri 2 + r*=c*. 
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Theorem 144. (1) Pairs of points P, P' , Q, Q' , R, R' divide 
harmonically the joins of opposite \ertieee A, A , B, B' , C. C' of a 
quadrilateral then the six points P, P', Q, Q', R, R' lie on a oome 
(2) [Hesse’s Theorem ] If two pairs of opposite vertices of a 
quadrilateral are conjugate points wrt a conic 2, then the third 
pair of opposite vertices is also conjugate w r t 2 


C 
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(1) Project R R into the circulat points at infinity , then ABA B 
becomes a rectangle sime B{AA . RR ) is harmonic 

In the projected figure, since [on , pp / and (66' , qq } are har 
momc, ep ip — ea s = ch 1 2 = eq eq' 
p, P ’ ?! ?’ be on a circle 

m the ongmal figure P, P' Q Q, R R he on a come 

(2) Let A, A and B. B be conjugate w r t 2, and let 2 cut AA' , 
BB' , CC' at P. P' , Q, Q' , R, R' 

By hypothesis {AA' , PP'J and {BB , Q.Q, I are harmonic- but 
only one conic can be drawn through P. P , Q, ft , R , therefore, 
by (1), (CC' , RR'} is harmonic 

' C, C' are conjugate w r t 2. (JED 

Corollary. If two pairs of opposite sides of a quadrangle are 
conjugate lines wrt i como 2, then the third pair of opposite sides 
are also conjugate wrt S. 

This is the dual of (2). 
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Theorem 146. If two conics Sj, S 2 are harmonically circumscnb 
to a conic 2, then every conic of the pencil determined by Sj. S 2 
also harmonically circumscribed to 2. 



Let S,, Sj meet at A, B, C, D ; let the polar of A w r t 2 cut ' 
at P, P" and S 2 at Q, Q' and 2 at E. F, and let it cut any other con 
St of the pencil at R, R' 

By hypothesis. APP', AQQ' are self crinjugate triangleB w r t ^ 
therefore {PP' , EF} and [QQ/ , EF! are harmonic 

E, F arc the double points of the involution defined by P. P 
Q, <3/ But, by Desargues’ theorem, R R is a point pair of th 
mvolution 

. {RR' , EF} is harmonic 
ARR' is a self conjugate triangle w r t 2 
S 3 is harmonically circumscribed about 2 QED 

Corollary. If two conics S,, S 2 are harmonic ally inscribed m 
conic 2. then even,’ conic of the range determined b\ Sj. S 2 is als 
harmonically inscribed in 2 

This is the dual theorem 

Note. Theorem 1 44, Corollary, arises as a special case of Theoren 
145 when Sj, S, are two line pairs similar!} , Theorem 144 (2) is 
special case of Theorem 145, Corollary. 
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Theorem 146. If the sides of a triangle PQ.R touch a conic S 1( and 
if Q, R move on conics S 2 , S 3 confocal to S, , then P -moves on a 
come S 4 , also confocal to S r 



Let P'Q'R' be an adjacent position of PQR. 

By Theorem 134, P. P', Q. Q'. R. R' he on a conic <r Produce 
PP\ QQ', RR' to form the triangle XYZ , then, in the limit, <r touches 
the sides of XYZ at P, Q,, R, and by Bnanchon's theorem PX, QY, RZ 
are concurrent, at O say. 

Produce Q.P to meet XY at H and produce PQ to K 

Prom the quadrilateral QPYX, {XY , RH} is harmonic. 

• Q{XY , RK1 =Q{XY , RH) is harmonic. 

But bv Theorem 128, since ZQX touches a conic S 2 confocal to Sj, 
^XQR=_ZQP=^XQK , 

.• XQ.Y = 90“. 

.'. QY is perpendicular to XZ. 

Similarly, since R moves on a come S, confocal to Sj, RZ is per- 
pendicular to XY . therefore O is the orthocentre of the triangle XYZ : 

PX is perpendicular to YZ. 

by similar reasoning, P moves on a conic confocal to S 3 . 

Q.E D 

Note. This theorem is due to Chasles. 
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EXERCISE XU. d. 

1. ABC, PQR are two triangles inscribed in a conic ; two conics 
drawn ciroumaonbmg ABC, PQR respectively and having double cont 
with each other ; prove that their chord of contact touches the oo 
w.r.t. which ABC, PQR are self-conjugate. 

2. Si, S 2 are two conics with parallel asymptotes and are es 
harmonically circumscribed to a conic S 8 ; prove that the comm 
chord of Sj, passes through the centre of S 3 . 

3. If two confocal conics are harmonically inscribed in a third conic 
prove that S is a rectangular hyperbola. 

4. Two parabolas are inscribed in a triangle ABC and are harmon’ 
ally inscribed in a conic S , if D is the centre of S, prove that AD, E 
are conjugate w.r.t. S- 

5. If two triangles are conjugate to each other w.r.t. a oonic 1, pro' 
that the meets of corresponding sides are collinear, and that the joins 
corresponding vertices are concurrent and that the point of concurred 
Is the pole of the line of coilmearity w.r.t. (See Def 3, p. 49.) 

6. If a quadrilateral circumscribes a conic S. and if three of H 
vertices trace out conics confocal to S, then every vertex traces out 
conic confocal to S, provided that each wide passes through at least on 
of the given vertices. 

7. [Poncelet’s Theorem.J If a variable triangle ABC is inscribed in 
given circle S, and if AB, AC touch fixed circles coaxal with S, then BC 
touches a circle coaxal with S- 

8 . Prove that the cross-ratio of the pencil formed by the poIar6 o 
any point H w.r.t. four fixed conics having four common points is inde- 
pendent of the position of H. 

9. Four conics pass through four common points at A, B, C, D ■ 
prove that the cross -ratio of the tangents at A to the conics is equal tc 
that of the tangents at B- 

10. ABCD is a given quadrangle ; a variable conn has ABC as a self- 
conjugate triangle and its director circle passes through D ; find the locus 
of its centre. 

11. The conic Si is harmonically circumscribed to the conic S 2 ; if a 
tangent to Sj cuts S L at A, B, prove that the tangents at A, B to Si are 
conjugate w.r.t. S 2 . 

12. The orthocentre of a variable triangle circumscribing a given 
conic is at a focus of the conic; prove that the polar circle and the 
circumcircle of the triangle are fixed. 
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18. S ib a point on the polar circle of the triangle ABC , prove that a 
directrix of the conic which is inscribed m ABC and has one focus at S 
passes through the orthocentre of ABC 

14. A variable triangle is inscribed m a fixed circle and circumscribes 
a fixed parabola , prove that the locus of its centroid is a straight line 

15 A variable ellipse is inscribed in a triangle ABC and passes through 
the circumcentre of ABC . prove that its director circle touches the 
circumcircle and the nine point circle of ABC 

What ib the locus of the centre of the ellipse f 
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Angle between imaginary lines, 7 
Apollonius, on normals, 160. 

hyperbola of, 160 
Asymptotes of circle, 75. 

of conic, 57. 

Axes of conic, 81. 

Base -conic, 100. 

Bnanohon's theorem, 92. 

Carnot's theorem, 102. 

Centre locus, pencil of conics, 20). 

range of conns, 196 
Centroid, orthogonal projection, 
23 

ChasJes, on confocal comet*, 217. 
on cross -ratio, 52, 68, 69, 159 
on perpendiculars to variable 
tangent, 109. 

Class of curve, 108 
Coaxal cncles and involution, 172 
Conic, axes of, 81. 
asymptotes of, 57. 
centre of, 56 

conjugate diameters of, 57, 58. 
definition of, 5 
eccentricity of, 85 
eleven point and eleven-line, 
200 202 . 

focus-directriY property, 84. 
real, 5. 

species of, 47 48, 60. 
standard equations of, 104. 
transformed to circle. 11, 42. 
Conics, systems of, 77, 86. 
common focus and directrix, 86. 


(Jomcs, confucaf, 81, 195, 217 

.. hannomoallv uicumscnbed and 
inscribed, 208 

through four points, 184, 185, 
201. 216. 

through u, w / , 17. 
touching at a\ a/, 1 6 
touching four lines, 8b, 186, 196, 
202 

Conjugate chords, 49, 53 
i magma nos, 5 
lines, test of. 49 
parallelogiarn, area of. 29 
| joints and lines. 27. 49 
triangles, 49. 

Constructions* tirst degree. 97. 
second degree, 148, 155, 188. 

Continuity, Principle of, 2-4, 46- 
47 

Cross-axis and Cross centre, 141, 
153. 

Cross ratio of pencil, 7, 8, 10. 
points on conn., 52, 68, 159. 
tangent h to com. , 52, 69, 159. 
standard results, 129 130. 

Degree of curve, 108 

Desarguee on involution, 184 
on Pascal, 187 
on perspective tiiangles, 37. 

Diagonal tnangle, 65. 

Director circle, 71, 89, 196, 212. 

Directrix, 81, 71. 

Double points, 132, 164, 171 

Double rays or lines, 133. 166 

Duality, Principle of, 108, 113 

20 
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Ellipse, centre and diameter, 27 
equation of, 23 
homothetic system, 25 
Elliptic involution, 168 

Foci of conic, 81 83 
Fregier s theorem, 191 

Gaskin s theorem, 212 

Harmonically mscribtd and cir 
cuniRcnbed comes, 208 
Harmonic systems of points and 
tangents, 52, 53 
Hesse's theorem, 215 
Homographic iariges and pencils 
analytical treatment, 130 133 
c<»mc properties 151 154, 157- 
158 

cross axis, cross centre, 141 
defined, 131, 133 
double points and lines, 132, 134, 
145 

geometrical treatment, 136 
I, J', E F, 143 145, 155 
perspective, 138 
projective, 138 
Hyperbola, asymptotes, 62 
conjugate diameters, 62 
of Apollonius, 160 
rectangular, 57, 87. 19,3 
Hyperbolic in\ lution, 168 
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[deal elements, 13 
Irnagmarv pjints, 3 1 
Infinity, circular punts at, 16, 
74 78 

line at 12 15 
points at, 16, 74 78 
Involution ranges and pencils 
analytical treatment, 163-167 
coaxal circles, 172 
construction of centre, double 
points, etc , 169, 173 
denned, 163 
Desargues, 184 

double points and lines, 164-166, 
171 


Involution ranges and pencils 
elliptic and hyperbolic, 168 
geometrical treatment, 168, 175. 
orthogonal pencil, 176 
properties of come, 179 
range on conic, 180 
Sturm, 1S6 
Isotropic lines, 7. 

Joachim sthal on normals, 197 

Laguerre s theorem, 7 
Dame on pencil of conics, 185 
Latus rectum, 81 

Locus of centre of pencil of conics, 
201 

centre of range of conics, 196 
meets of corrcsjionfiing ra\ n 159 
meets of perpendicular tangents, 
71 

Pappus, 99 

Lodge, double points construction, 

144 

New ton’s theorem, 103 
Normals to a conic, 160, 197 

Ordinate, 57, 58 

Orthocentre of triangle 

inscribed in rectangular livpei 
bola, 193 

ciicum&cribmg parabola, 213 

Pappus theorem, 99 
Paralmla, diameter, 60 
directrix, 71 
equation of, 105 
focus, 83 

trianele cncumscnbmg, 204, 213. 
Pascal s theorem, 91 93, 153, 187. 
Pencil of conics, harmonically cir- 
cumscribing come, 216 
pole locus, 201 
Pencil of tangents, 151, 181 
Perspective triangles, 37 
Perspective, centre of, axis of. 38. 
Plucker on director circles, 196. 
Polar circle, 209, 212 
Pole and polar, 27, 48 50. 
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Projection, analytical treatment, 
40 

axis of, 19, 33. 
defined, 0, 32 
magnitude of angles, 35 
of comes Having double contact, 
43, 77 

of comos through four points, 77 
of two points into <u, u', 76 
vertex of, 9, 33 

Projective ranges and pencils, 138 

Quadrilateral and quadrangle, 38, 
65 66 

Range of conics, director circles, 
196 

envelope of polars of given 
point, 202 

locus of centres 196 

Range of points on conic, 151, 179 

Reciprocation, angle properties, 

122 , 


Reciprocation, asymptotes, centre, 
etc , 112 118 
1 >cus or envelope, 1 10 
metrical properties, 120 
species at reciprocal conic, 112 
systems of cirrles and conica, 124 
art circle, 115 

Rectangular by perbola, 57. 87. 193 

Self conjugate triangle. 49, 206,212. 

Self corresponding jxnnts, 10 

Steiner’s theorem, 213 

Sturm's theorem, 186 

Triangle, eircumcircle of self con 
jugate, 212 

inscribed and circumscribed, 204 

polar circle of, 212 

self conjugate, 49, 200, 212. 

Vanishing points and lines, 33. 
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